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Preface

This book has been inspired by two events that have revolutionized the field of
control systems in recent years: the rapid growth of communication networks,
and the emergence of Linear Matrix Inequalities (LMIs) as a powerful compu-
tational tool. The possibility of connecting a large number of outputs to inputs
(i.e. sensors to actuators) through a network has given rise to a new paradigm
for controlling systems with multiple decision makers. Complex power systems
that span wide geographical areas, large space structures, and multi-agent sys-
tems in robotics are just a few among many practical examples where such a
control strategy is currently being applied. We should point out, however, that
the formulation of control laws for systems of such size and complexity would
be extremely difficult (if not impossible) without the concurrent development of
numerically efficient algorithms for convex optimization. It is not our intention
to provide a detailed treatment of such algorithms, nor will we examine the op-
eration of control networks. Our objective, instead, will be to develop a research
platform that opens a wide range of new possibilities in the control of complex
systems. Communication networks and LMI algorithms play an essential role in
this context, but we will treat them mainly as tools for control design.

Complex systems arise in virtually every domain of contemporary science,
and are associated with a wide variety of natural and social phenomena. Given
such a diverse array of models, it seems rather impractical to look for an over-
arching theory that can capture all their essential properties. Even if such a
theory is possible in principle (which is a doubtful prospect), it is unlikely that
it will be developed any time soon. This does not imply, however, that there
is no value in abstracting the common features of large heterogeneous systems.
This type of information can be very useful, and has given rise to numerous
theoretical and practical results.

Although complex dynamic systems possess many different properties, expe-
rience accumulated over the past few decades suggests that the following three
deserve particular attention:

Dimensionality

Information structure constraints
Uncertainty
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The characteristics singled out above pose a number of serious challenges
to the control designer. One of the most common ones is the large (and often
prohibitive) number of variables that have to be manipulated in the design
process. A natural way to deal with such problems is to adopt a “divide and
conquer” strategy, which entails a decomposition of the system into a number
of interconnected subsystems. Given such a partitioning, the control problems
are solved locally (i.e., on the level of subsystems), and these solutions are
subsequently combined with the interconnections to provide a suitable feedback
law for the overall system.

In order for this approach to be effective, it is essential to develop system-
atic and computationally efficient procedures for decomposing large dynamic
systems. An obvious way to do this would be to “tear” the system along cer-
tain natural boundaries that are defined by its physical properties. By doing
so, we can obtain important insights into the interplay between the subsystems
and their interconnections. We can also arrive at important “physical” inter-
pretations of the local control actions in terms of global outcomes. Physical
decompositions, however, are neither straightforward nor optimal in general. In-
deed, there are many practical models where it is difficult (or even impossible)
to identify the “natural” boundaries of the subsystems. In such cases, a physical
decomposition is clearly not an adequate strategy.

The potential deficiencies of physical decompositions have motivated the de-
velopment of powerful numerical decompositions, which utilize only the mathe-
matical description of the system. In the opening chapter, we will present two
such decomposition schemes: Epsilon decomposition and Border Block Diagonal
(BBD) ordering. Epsilon decomposition exploits the fact that complex systems
often contain a large number of variables that are weakly coupled, if coupled
at all. This means, for example, that in a typical large Linear Time-Invariant
(LTI) system, a significant percentage of the coefficients in the system matrix
are likely to be small numbers. In such cases, it is possible to permute the matrix
so that the off-diagonal blocks consist exclusively of elements that are smaller
than a prescribed threshold value ε (algorithms of linear complexity have been
developed for this purpose). If ε is a sufficiently small number, the stability of
the diagonal blocks can guarantee the stability of the overall matrix as well. In
order for this to be possible, however, we must ensure that the epsilon decom-
position scheme attaches at least one input and one output to each (unstable)
diagonal block, and that the input and output matrices have blocks that are
compatible with the structure of the system matrix.

In Chap. 1 we will also consider large LTI systems that have relatively uni-
form coupling among the variables. Although such systems usually don’t have
a suitable epsilon decomposition, they tend to be sparse (which means that the
percentage of non-zero elements in the system matrix is small). We will take ad-
vantage of this feature, and develop algorithms that permute the system matrix
into a BBD structure, which is characterized by diagonal blocks and a two-sided
“border.” Such structures are particularly effective when the control is imple-
mented in a multiprocessor environment, since they can significantly reduce the
communication overhead.
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In addition to computational problems related to dimensionality, complex
dynamic systems are also characterized by information structure constraints,
which limit the distribution of nonzero elements in the feedback gain matrix.
Such restrictions complicate the computation of appropriate control laws, since
they effectively rule out connections between certain inputs and outputs in
the system. In Chap. 2, we consider a number of information structure con-
straints that are commonly encountered in the control of large-scale systems.
Among these constraints, decentralized structures have received the most atten-
tion in the past. There is a wealth of literature on decentralized stabilization and
optimization, connective stability, decentralized observers, adaptive and output
control, reliability, time-delays, etc. One of the main reasons for the popular-
ity of decentralized control strategies stems from the fact that they utilize only
locally available state information. In this way, they often achieve satisfactory
performance with little or no communication overhead. We will illustrate the ef-
fectiveness of LMI-based algorithms for designing decentralized feedback on the
problem of turbine governor control in large electric power systems. The prin-
cipal challenge in this case is to ensure stability for a broad range of operating
conditions and disturbances (such as short circuit faults).

Although decentralized control has been successfully applied in many engi-
neering problems, it should be noted that it also has some inherent weaknesses.
One of the most prominent ones is that feedback laws of this type rule out
any form of information exchange between the subsystems. As a result, such
a control strategy may be ineffective for certain types of models (particularly
those where the coupling between the subsystems is not weak). With that in
mind, we will propose an alternative design approach which is based on BBD
control structures. A control scheme of this sort represents a departure from
the standard decentralized paradigm, since it entails a certain amount of infor-
mation exchange between the subsystems. This creates a number of practical
challenges when it comes to implementation, but new developments in com-
munication technology and parallel computing have made this an increasingly
attractive option.

A somewhat different way to capitalize on the availability of communication
networks is to use low-rank centralized corrections, which iteratively add feed-
back links between the subsystems. Such corrections are easily computed using
LMI optimization (even for systems of large dimensions), and can be imple-
mented efficiently in a multiprocessor environment. All that is required in this
case is the availability of a “supervising” processor (possibly located on a satel-
lite) which can coordinate the exchange of information between the subsystems.
We will demonstrate the various advantages of this approach by applying it to
control a large platoon of moving vehicles.

Our final topic in Chap. 2 relates to systems that consist of a number of
overlapping subsystems, which share a certain amount of state information.
Models of this kind arise in areas as diverse as electric power systems and net-
worked multi-agent systems in robotics, biological systems and large segmented
telescopes, economic models and freeway traffic networks. The traditional ap-
proach for controlling such systems involves an expansion of the model into a
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larger state space using an appropriately chosen linear transformation. In this
expanded space, the overlapping subsystems appear as disjoint, and suitable
decentralized control laws can be designed using standard techniques. The re-
sulting gain matrix is then contracted into the original space, in which its blocks
exhibit an overlapping structure.

The notion of overlapping and the associated mathematical framework of
expansion–contraction (which is known as the Inclusion Principle) have been
studied for over three decades, with numerous papers and reports appearing
in the literature. In this chapter we take a different approach, and propose to
design overlapping decentralized control laws directly (i.e., without invoking
the Inclusion Principle). Gain matrices with overlapping information structure
constraints will be computed using linear matrix inequalities, with only mild
restrictions on the Lyapunov functions that are used. We will extend this method
to include uncertain nonlinearities in the system, and will demonstrate how such
a scheme can be applied to a platoon of moving vehicles.

In Chap. 3, we continue our examination of complex systems that are subject
to information structure constraints. This time, however, we will be interested
in constraints that are associated with the availability of state information on
the subsystem level. Specifically, we will assume that only a limited subset of
state variables is available for control purposes, and consider the design of both
decentralized and BBD static output feedback . We should note at this point that
there are a large number of papers and books which treat the decentralized sta-
bilization of large system by dynamic output feedback. This problem, however,
lies outside the scope of this book (it will be addressed only briefly in Chap. 6).

In order to obtain structured output feedback laws, it will be necessary
to impose certain algebraic constraints which ensure that the gain matrix can
be factorized in a special way. We propose to do this by introducing a new
parametrization of the matrices that arise in the optimization process. It will
be shown that such a choice of LMI variables can significantly reduce the com-
putational effort, which is critically important in large-scale applications. The
effectiveness of this approach will be illustrated on an example that involves a
large flexible mechanical structure. We will also demonstrate how such a design
can be applied to an important class of singular systems, where the only avail-
able control variables are adjustable parameters in the interconnection network.

One of the most important features of the approach proposed in this chapter
is its ability to accommodate systems with arbitrary information structure con-
straints. Irregular information structures have become increasingly relevant in
recent years, due to the emergence of wireless networks and commercially avail-
able communication satellites. A typical example of this new trend is the ongoing
research in electric power systems, where the exchange of state information be-
tween remote areas can significantly improve the overall system performance. In
this chapter, as indeed in the entire book, we focus exclusively on structural con-
straints that limit the flow of information between various parts of the system
by fixing the “hard zeros” in the feedback gain matrix. We will show that control
laws with arbitrary structural properties can be efficiently computed within the
proposed framework of convex optimization. This method will subsequently be
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used to control a large sparse Lur’e system, in which the gain matrix is assumed
to have a preassigned irregular nonzero pattern.

The results developed in Chaps. 2 and 3 provide conditions that guarantee
the global asymptotic stability of a given equilibrium. It is well known, how-
ever, that practical large-scale systems seldom exhibit such behavior, and can
usually be stabilized only locally. In such cases, it is essential to have a reliable
method for estimating the region of attraction, which provides a measure for the
effectiveness of the control. The approach that we propose in Chap. 4 utilizes de-
centralized control laws to enlarge the region of attraction, and ensure stability
for a range of uncertainties in the system model. We will show that an estimate
of the region can be obtained as a simple by-product of the optimization proce-
dure. Two important advantages of such a design are computational efficiency
and easy implementation, both of which are crucial requirements in cases when
the system is large. At the end of the chapter, we will demonstrate how this
method can be applied to design exciter control in electric power systems. In this
case, the control laws must obey decentralized information structure constraints,
since only local measurements are normally available to any given machine. The
control must also be robust, in order to guarantee satisfactory performance over
a wide range of operating conditions and disturbances.

In designing control for dynamic systems, it is customary to first compute an
equilibrium, which is subsequently stabilized by an appropriately chosen feed-
back law. It is fair to say, however, that there are many problems where a fixed
equilibrium is not a realistic assumption. Systems of this type include dynamic
models in population biology and economics, chemical processes, artificial neural
networks and heavily stressed electric power systems. In such models, variations
in the system parameters result in a moving equilibrium, whose stability proper-
ties can vary substantially. In Chap. 5, we consider the phenomenon of moving
equilibria within the theoretical framework of parametric stability, which si-
multaneously captures the existence and the stability of a moving equilibrium.
The main objective of this chapter will be to present a strategy for parametric
stabilization of nonlinear systems, which combines two different optimization
techniques to produce a robust control law that can handle unpredictable equi-
librium shifts. Controllers obtained in this manner are linear, and the corre-
sponding gain matrix is determined by applying LMI optimization procedures.
The reference input values, on the other hand, are computed by a nonlinear
constrained optimization procedure that takes into account the sensitivity of
the equilibrium to parameter changes. In the second part of the chapter, this
method will be extended to the problem of gain scheduling, where the control
law is allowed to change in response to variations in the parameter vector.

The last chapter of the book is devoted to dynamic graphs and their appli-
cation to large-scale Boolean networks. The idea that a graph can have time-
varying and state-dependent edges is not a new one. Abstract representations
of this type were introduced in the early 1970s to model interconnections in
large-scale systems that are composed of many dynamic subsystems. A stan-
dard problem that arises in this context is to determine whether the overall sys-
tem will remain stable under structural perturbations, which are associated with
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the removal and subsequent restoration of interconnections between the sub-
systems. Stability under structural perturbations (which is commonly referred
to as connective stability) has been studied in a wide variety of mathematical
models. An important new development in this field involves a generalization
of dynamic graphs which allows us to characterize them as a one-parameter
group of transformations of a linear graph space into itself. Such a definition
is versatile, and offers a rich mathematical environment that can incorporate
differential and difference equations, distributed systems, stochastic processes,
and continuous Boolean networks.

We begin Chap. 6 by developing a suitable control structure for dynamic
graphs. In order to do this, it will be necessary to specify the function and
location of the control nodes, the way they affect the edge weights and other
nodes, and the information structure constraints that are associated with a
given topology. We will then develop LMI-based design techniques that ensure
the stability of graphs whose edge weights change according to a preassigned
system of nonlinear differential equations. This approach will be extended to
include time-varying nodal states as well (both Boolean and continuous).

The mathematical framework of dynamic graphs finds a natural application
in the study of gene regulation. Traditional models of this sort have assumed
that the activation and deactivation of genes can be represented in terms of a
Boolean network, whose nodal states evolve discretely over time. It should be
noted, however, that the discrete nature of such models imposes some significant
limitations on the system dynamics. One obvious restriction stems from the fact
that the nodal states in a random Boolean network are updated synchronously.
This is not a particularly realistic assumption, since interactions between genes
typically involve an entire range of different time constants. It should also be
noted that discrete models cannot properly account for the fact that interactions
among genes are mediated by proteins, whose concentrations vary continuously
over time. These considerations have motivated the development of a class of
hybrid models which are commonly referred to as continuous Boolean networks.

In this chapter, we will establish how continuous Boolean networks can be
described in terms of dynamic graphs. It will be shown that such a representa-
tion introduces certain additional degrees of freedom that are not available in
conventional discrete Boolean networks. This added flexibility allows us to model
continuous biochemical processes such as gene-protein and protein–protein in-
teractions, which can expand the range of possible dynamic patterns.

In evaluating the practical merits of such a model, it is important to keep
in mind that the inclusion of edge dynamics generally requires repeated solu-
tions of systems of nonlinear differential equations. This task obviously becomes
progressively more difficult and time-consuming as the number of nodes and
edges increases. With that in mind, we will develop a systematic procedure
for generating large-scale dynamic graphs that satisfy the following two generic
requirements:

(i) The graph must be globally stable, with edge dynamics that are determined
by a system of nonlinear differential equations.
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(ii) The dynamics of the graph must be easy to simulate, regardless of the
number of nodes and edges in the graph.

A natural way to meet these requirements is to start with a set of smaller
dynamic graphs and integrate them into a larger network according to some
predetermined rules. This possibility has recently been explored in the context
of multi-random Boolean networks, which consist of individual Boolean networks
that are connected to their nearest neighbors. Models of this type give rise to
an additional level of complexity, and were found to be useful in the study of
tissues in multicellular organisms.

The approach that we propose is quite different, and is based on the no-
tion of graph entanglement. The main idea behind this method has its roots
in quantum mechanics, where the term “entanglement” refers to a mathemat-
ical operation by which individual wave functions are combined to describe an
ensemble of interacting particles. We will use a similar approach to construct
large-scale dynamic graphs from a collection of smaller ones. What distinguishes
our method from its quantum counterpart is the fact that graph entanglement
is defined as a nonlinear operation. It is interesting to note in this context that
the dynamics of an entangled graph cannot always be reduced to the behav-
ior of its constituent elements. This property suggests that graph entanglement
allows for additional levels of complexity in the system, and the emergence of
qualitatively new phenomena.

In developing algorithms for constructing large-scale dynamic graphs, we
will focus on recursive techniques that resemble some form of “organic growth”
(in the sense that they include operations such as self-replication and random
mutations). From a theoretical perspective, our interest in “organically” formed
graphs is motivated by certain special mathematical properties that they pos-
sess. We should add, however, that there is also a very practical element to our
investigations, since such structures could prove to be interesting in the study of
living organisms. In order to substantiate this claim, we should point out that
multi-random Boolean networks are typically formed by connecting individual
networks according to a preassigned geometric pattern. Our method is quite dif-
ferent in that respect, since it combines self-replication and random mutations
to produce structures that cannot be anticipated in advance. It is reasonable
to expect that graphs obtained in this manner might be suitable for modeling
complex biological systems, whose development is based on a similar process.
Whether or not this will be the case remains to be determined. We do believe,
however, that this general approach has considerable potential in the study of
complex phenomena, both in theoretical biology and beyond.

In concluding this Preface, we would like to gratefully acknowledge the sup-
port of our research on complex systems and dynamic graphs, which has been
generously provided by the National Science Foundation.

Santa Clara, CA Aleksandar I. Zečević
January 2010 Dragoslav D. Šiljak



Chapter 1

Decompositions
of Large-Scale Systems

From the standpoint of control theory, it is usually convenient to represent a
large-scale system as a collection of interconnected subsystems. In certain cases
such a decomposition can be derived directly from the physical description of the
problem, which suggests a “natural” grouping of the state variables. More often
than not, however, the only information that we have about the system dynamics
comes from a mathematical model whose properties provide little or no insight
into how the subsystems should be chosen. In order to deal with such problems in
a systematic manner, one obviously needs to develop decomposition algorithms
that are based exclusively on the structure of the underlying equations.

In this chapter we will consider three decompositions, all of which are de-
signed to exploit the sparsity of large-scale state space models. The algorithms
are based on graph theoretic representations, which provide the necessary math-
ematical framework for partitioning the system. We should also point out that
each of the three decompositions corresponds to a different gain matrix struc-
ture. With that in mind, it is fair to say that the purpose of these decompositions
is not only to simplify the computation, but also to help us identify the most
appropriate type of control law for a given large-scale system. We will take a
closer look at this aspect of the problem in Chaps. 2 and 3, which are devoted
to control design with information structure constraints.

1.1 Epsilon Decompositions

When a dynamic system consists of many interconnected subsystems, it is often
desirable to formulate control laws that use only locally available states and
outputs. In addition to being computationally efficient, such a strategy is also
easy to implement and can significantly reduce costly communication overhead.
It is important to recognize, however, that the success of this approach depends
to a large extent on whether or not the subsystems are weakly coupled. This

A.I. Zečević and D.D. Šiljak, Control of Complex Systems, 1
Communications and Control Engineering, DOI 10.1007/978-1-4419-1216-9 1,
c© Springer Science+Business Media, LLC 2010



2 CHAPTER 1. DECOMPOSITIONS OF LARGE-SCALE SYSTEMS

requirement is particularly critical for systems whose dynamics is described in
terms of large, sparse matrices. The nonzero pattern of such matrices usually
exhibits no discernible regularity, and it is by no means obvious how the state
variables ought to be grouped.

In order to introduce an algorithm that can decompose matrices into weakly
coupled blocks, let us consider the linear system

S : ẋ = Ax +Bu

y = Cx
(1.1)

where x ∈ Rn represents the state, u ∈ Rm is the input vector, y ∈ R p is the
output, and A = [aij ], B = [bij ] and C = [cij ] are matrices of dimensions n×n,
n×m and p×n, respectively. Our objective in the following will be to determine
an n× n permutation matrix P such that

PTAP = AD + εAC (1.2)

where AD = diag{A11, A22, . . . , ANN} is block-diagonal, ε is a small positive
number and all the elements of AC are smaller than one in magnitude. If such
a permutation exists, matrix A is said to have an epsilon decomposition (Sezer
and Šiljak, 1986; Amano et al., 1996; Zečević and Gačić, 1999). One of the main
advantages of such a partitioning stems from the fact that discarding the term
εAC effectively decouples the subsystems, while introducing only a small error
in the model. Under such circumstances, it is possible to design decentralized
control laws that can robustly stabilize the overall system. These laws have the
general form

u = KDx (1.3)

where KD = diag{K11,K22, . . . ,KNN} is a block-diagonal matrix whose blocks
Kii are compatible with those of matrix AD.

The procedure for permuting a matrix into the form (1.2) is remarkably sim-
ple. Given a matrix A and a value of parameter ε, all elements satisfying |aij | ≤ ε
are first set to zero. The resulting “sparsified” matrix is then represented as a
bipartite graph Bε (e.g., Duff, 1981; Gould, 1988; Asratian et al., 1998), and
the permutation matrix P is obtained directly from the vertex ordering.

The following simple example illustrates the basic ideas behind this
decomposition.

Example 1.1. Consider the matrix

A =

⎡
⎢⎢⎣

2.50 0.20 3.00 0
0 2.75 0.15 0
1 0.05 1.15 0.15

0.12 3.00 0 5.25

⎤
⎥⎥⎦ (1.4)

and the corresponding bipartite graph B in Fig. 1.1, in which vertices yi and xj

are connected if and only if aij �= 0.
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Fig. 1.1 The bigraph that corresponds to matrix A
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Fig. 1.2 The sparsified subgraph Bε

If we remove all edges that correspond to elements that satisfy |aij | ≤ 0.2,
we obtain the “sparsified” subgraph Bε shown in Fig. 1.2. It is easily seen that
the vertices and edges of Bε can now be regrouped into two disconnected com-
ponents, as indicated in Fig. 1.3.

The permutation defined by vector p = [1 3 4 2]T produces a matrix which
conforms to decomposition (1.2), with ε = 0.2 and

AD =

⎡
⎢⎢⎣

2.50 3.00 0 0
1.00 1.15 0 0
0 0 5.25 3.00
0 0 0 2.75

⎤
⎥⎥⎦ , AC =

⎡
⎢⎢⎣

0 0 0 1.00
0 0 0.75 0.25

0.60 0 0 0
0 0.75 0 0

⎤
⎥⎥⎦

(1.5)
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Fig. 1.3 The disconnected components of graph Bε
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x2

x3

y1

y2

y3

Fig. 1.4 Bigraph Bε

It often happens that matrix A cannot be permuted into the form (1.2)
for a given choice of ε. An obvious remedy in such cases would be to repeat
the decomposition with a larger value of ε, which allows us to eliminate more
nonzero elements from the original matrix. We should point out, however, that
this approach has a potential disadvantage, since subsystems obtained in this
manner need not be weakly coupled any more. When that transpires, decentral-
ized feedback tends to be less effective and alternative control strategies need
to be explored.

One such strategy is based on the notion of overlapping epsilon decomposi-
tion, whose basic features are illustrated by the following example.

Example 1.2. Consider the following generic matrix

A =

⎡
⎣

∗ ∗ ε
ε ∗ ε
ε ∗ ∗

⎤
⎦ (1.6)

in which all entries larger than ε in magnitude are denoted by ∗. The corre-
sponding bipartite graph Bε is provided in Fig. 1.4, and it is easily verified that
no permutation can produce weakly coupled diagonal blocks. On the other hand,
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x1

y2
(2)

y2
(1)

x2
(2)

x2
(1)

x3

y1

y3

Fig. 1.5 The expanded bigraph B̃ε

if repeated vertices are allowed, we obtain the expanded bigraph B̃ε in Fig. 1.5,
which now has two disconnected components.

This transformation corresponds to a rectangular permutation matrix V ,
which is uniquely defined by the ordering of x and y vertices in the graph.
Specifically, we have that

V A = ÃV (1.7)

where

Ã =

⎡
⎢⎢⎣

∗ ∗ ε 0
ε ∗ ε 0
ε 0 ∗ ∗
ε 0 ε ∗

⎤
⎥⎥⎦ (1.8)

and

V =

⎡
⎢⎢⎣

1 0 0
0 1 0
0 0 1
0 1 0

⎤
⎥⎥⎦ (1.9)

It is easily verified that the expanded matrix Ã has an epsilon decomposition in
the sense of (1.2).

In the context of dynamic systems, overlapping epsilon decompositions are
closely associated with the notions of expansion and contraction (e.g., Ikeda
and Šiljak, 1986; Šiljak, 1991; Iftar, 1993; Stanković and Šiljak, 2001). To briefly
illustrate what this means from the standpoint of control design, suppose that
V is an ñ× n (ñ > n) permutation matrix such that

V A = ÃV, V B = B̃, C̃V = C (1.10)

and that Ã can be decomposed as

Ã = ÃD + εÃC (1.11)
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for some ε > 0. In that case, the system S defined in (1.1) can always be
expanded as

S̃ : ˙̃x = Ãx̃+ B̃u

y = C̃x̃
(1.12)

If S̃ can be stabilized by a decentralized feedback law of the form

u = K̃Dx̃ (1.13)

it can be shown that
u = Kx = K̃DV x (1.14)

is a stabilizing control law for the original system S. It is important to note in
this context that the gain matrix K in (1.14) satisfies overlapping information
structure constraints, since certain states are shared among different inputs.
Methods for designing this type of feedback will be discussed in Chap. 2.

1.2 The Decomposition Algorithm

The algorithm that will be described in this section pertains to both overlap-
ping and disjoint epsilon decompositions (the latter being a special case where
no expansion is necessary). Following the approach outlined in Examples 1.1
and 1.2, we begin by identifying two sets of vertices X = {x1, x2, . . . , xn} and
Y = {y1, y2, . . . , yn}, which represent the columns and rows of matrix A, respec-
tively. This notation allows us to define a bipartite graph B(X,Y ;E) in which
(xj , yi) ∈ E if and only if aij �= 0 (i, j = 1, 2, . . . , n). In order to ensure that the
permutation is symmetric, we will additionally assume that each column vertex
xi is matched to the corresponding row vertex yi (even if (xi, yi) /∈ E). The
decomposition algorithm can now be described as a simple three step process.

STEP 1 (Initialization). Select a value for parameter ε, and set column vertex
x1 ∈ X as the current column xc. Link xc with its matching, which becomes
the current row yc ∈ Y .

STEP 2 (Block formation). Link yc with all columns other than xc which
have an element larger than ε in row yc. Add any such x-vertices to the current
component (if they are not there already). Set the next unvisited x-vertex as xc,
and continue the process until all x-vertices in the block have been examined.

STEP 3 (Redundancy check). The procedure outlined in Step 2 is repeated
until all elements of set X have been exhausted. At that point, it is necessary
to check whether there are blocks that are completely contained in some other
block. Such blocks are redundant, and should therefore be eliminated.

Remark 1.3. The above procedure allows for some x and y vertices to be
repeated (which corresponds to an overlapping epsilon decomposition of A). If
each vertex appears only once in the graph, the algorithm produces a standard
disjoint epsilon decomposition, and an n× n permutation matrix.
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The following example illustrates the decomposition described above.

Example 1.4. Let us consider the matrix

A =

x1 x2 x3 x4 x5

y1
y2
y3
y4
y5

⎡
⎢⎢⎢⎢⎣

5 1 2.5 0 0.1
1.5 3 0.1 0.02 0
0 0 4 0 0.1
0 0.12 2.5 4 0

0.05 0 1 2 5

⎤
⎥⎥⎥⎥⎦

(1.15)

It is readily observed that A has no meaningful epsilon decomposition, since
the elements in column 3 are rather large. This, however, does not preclude the
existence of an overlapping epsilon decomposition with a sufficiently small ε.
Indeed, if we set ε = 0.15, the first two steps of the decomposition produce
the expanded bipartite graph shown in Fig. 1.6. Note that certain rows and
columns appear in multiple blocks, which is indicated by superscript numbers
(for example, x(2)

3 denotes the second appearance of column three in the graph).

From Fig. 1.6 it is readily observed that block 2 is redundant, since it is
contained in block 3. The final step of the decomposition will detect this, and
will reduce the graph to the form shown in Fig. 1.7.

x1

x3
(2)

x3
(3)

x4
(2) y4

(2)

y3
(3)

y3
(2)

x4
(1) y4

(1)

y3
(1)x3

(1)

x5 y6

x2

y1

y2

Fig. 1.6 The expanded bigraph
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(2)

y3
(1)

x3
(2)

x3
(1)

x4

x5

y4

y5

y2x2

y1

Fig. 1.7 The bigraph after redundancies are eliminated

The ordering of the vertices in Fig. 1.7 uniquely defines a rectangular per-
mutation matrix

V =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 1
0 0 0 1 0
0 0 1 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

(1.16)

and an expanded matrix

Ã =

x1 x2 x
(1)
3 x5 x4 x

(2)
3

y1
y2

y
(1)
3

y5
y4

y
(2)
3

⎡
⎢⎢⎢⎢⎢⎢⎣

5 1 2.5 0.1 0 0
1.5 3 0.1 0 0.02 0
0 0 4 0.1 0 0

0.05 0 0 5 2 1
0 0.12 0 0 4 2.5
0 0 0 0.1 0 4

⎤
⎥⎥⎥⎥⎥⎥⎦

(1.17)

It is easily verified that Ã satisfies V A = ÃV , and that it can be partitioned
in the form (1.2) with

ÃD =

⎡
⎢⎢⎢⎢⎢⎢⎣

5 1 2.5 0 0 0
1.5 3 0.1 0 0 0
0 0 4 0 0 0
0 0 0 5 2 1
0 0 0 0 4 2.5
0 0 0 0.1 0 4

⎤
⎥⎥⎥⎥⎥⎥⎦

(1.18)
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ÃC =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 0.7 0 0
0 0 0 0 0.1 0
0 0 0 0.7 0 0

0.3 0 0 0 0 0
0 0.8 0 0 0 0
0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

(1.19)

and ε = 0.15.

1.3 Decompositions of Nonlinear Systems

The algorithm for identifying overlapping epsilon decompositions can easily be
extended to nonlinear dynamic systems of the form

S : ẋ = f(x) +Bu (1.20)

where f : Rn → Rn is a differentiable function that satisfies f(0) = 0 (Zečević
and Šiljak, 1994a). The basic idea in this case is to decompose the Jacobian
f ′(x) (evaluated at the origin) as

V f ′(0) = ÃV (1.21)

where Ã is an ñ × ñ matrix that conforms to (1.2). Based on the information
contained in permutation matrix V , we can always construct a mapping f̃ :
Rñ → Rñ such that

f̃(V x) = V f(x), ∀x ∈ Rn (1.22)

and
f̃ ′(0) = Ã (1.23)

If we now define h̃(x̃) =f̃(x̃) − Ãx̃ and B̃ = V B, properties (1.22) and (1.23)
allow us to form an expanded system

S̃ : ˙̃x = ÃDx̃+ εÃC x̃+ h̃(x̃) + B̃u (1.24)

whose solutions x̃(t; t0, x̃0) are related to the solutions x(t; t0, x0) of S as

x̃(t; t0, V x0) = V x(t; t0, x0) (1.25)

for any x0 ∈ Rn. When this condition is satisfied, we say that system S̃ in-
cludes S. It is important to recognize that the decomposition shown in (1.24) is
highly desirable when dealing with large-scale systems, since the block-diagonal
structure of ÃD can be readily exploited for the design robust decentralized
controllers (see e.g., Ikeda et al., 1984; Šiljak, 1991 for more details).

The procedure for constructing function f̃(x̃) is illustrated by the following
example.
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Example 1.5. Let us consider the nonlinear system

ẋ1 = x1 cos(x1 + x2) + 2x2

ẋ2 = −2x2 + 0.1(x1 + x3) cosx2

ẋ3 = 2x2x3 + sin(x2 − x3)

(1.26)

which has no control input (i.e., B = 0). This system obviously has an equilib-
rium at the origin, and its Jacobian

f ′(0) =

x1 x2 x3

y1
y2
y3

⎡
⎣

1 2 0
0.1 −2 0.1
0 1 −1

⎤
⎦ (1.27)

cannot be decomposed directly, since all elements in column 2 are rather large
numbers. However, this matrix does have an overlapping epsilon decomposition,
which corresponds to the bipartite graph shown in Fig. 1.8.

Based on this graph, we can conclude that Jacobian f ′(0) satisfies (1.21),
with

V =

⎡
⎢⎢⎣

1 0 0
0 1 0
0 0 1
0 1 0

⎤
⎥⎥⎦ (1.28)

and

Ã =

x1 x
(1)
2 x3 x

(2)
2

y1

y
(1)
2

y3

y
(2)
2

⎡
⎢⎢⎣

1 2 0 0
0.1 −2 0.1 0
0 0 −1 1

0.1 0 0.1 −2

⎤
⎥⎥⎦

(1.29)

x1

y2
(2)

y2
(1)

x2
(2)

x2
(1)

x3

y1

y3

Fig. 1.8 The expanded bigraph B̃ε
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It is also easily verified that Ã can be decomposed in the form (1.2), with

ÃD =

⎡
⎢⎢⎣

1 2 0 0
0.1 −2 0 0
0 0 −1 1
0 0 0.1 −2

⎤
⎥⎥⎦ ; ÃC =

⎡
⎢⎢⎣

0 0 0 0
0 0 1 0
0 0 0 0
1 0 0 0

⎤
⎥⎥⎦ (1.30)

and ε = 0.1.
The ordering of the y-vertices in Fig. 1.8 uniquely determines a correspon-

dence between the components fi : Rn → R of f(x) and those of the expanded
function f̃(x). Specifically, we have

Block 1:
f̃1 ←→ f1

f̃2 ←→ f2
Block 2:

f̃3 ←→ f3

f̃4 ←→ f2
(1.31)

In a similar way, the ordering of the x-vertices determines a correspondence
between the components of vectors x and x̃:

Block 1:
x̃1 ←→ x1

x̃2 ←→ x2

Block 2:
x̃3 ←→ x3

x̃4 ←→ x2

(1.32)

Based on (1.31) and (1.32), each component of f̃i(x) can now be constructed
by identifying function fj ←→ f̃i and replacing each variable in fj(x) by the
appropriate x̃k. In doing so, it is important to keep track of the components f̃i(x)
and variables x̃k that are associated with the same block. This implies that in
forming f̃1(x̃) and f̃2(x̃) we must replace x1 and x2 with x̃1 and x̃2, respectively,
while f̃3(x̃) and f̃4(x̃) are constructed by replacing x2 and x3 with x̃4 and x̃3.
Such a procedure produces an expanded function whose components are

f̃1(x̃) = f1(x̃1, x̃2, x̃3) = x̃1 cos(x̃1 + x̃2) + 2x̃2

f̃2(x̃) = f2(x̃1, x̃2, x̃3) = −2x̃2 + 0.1(x̃1 + x̃3) cos x̃2

f̃3(x̃) = f3(x̃1, x̃4, x̃3) = 2x̃4x̃3 + sin(x̃4 − x̃3)

f̃4(x̃) = f2(x̃1, x̃4, x̃3) = −2x̃4 + 0.1(x̃1 + x̃3) cos x̃4

(1.33)

It is easily verified that function f̃(x̃) constructed in this way satisfies (1.22),
and that Jacobian f̃ ′(0) equals the matrix Ã given in (1.29).

1.4 Balanced BBD Decompositions

The algorithm described in the previous section was primarily concerned with
the identification of weakly coupled subsystems (either in the original or in the
expanded space). We should point out, however, that it is not uncommon to
encounter large-scale systems that do not lend themselves to this kind of parti-
tioning. A typical example are models which have been obtained by discretizing
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Fig. 1.9 A nested BBD structure

partial differential equations using finite difference or finite element methods. In
such cases the elements of matrix A often have comparable magnitudes, and pa-
rameter ε cannot be chosen in a way that produces a meaningful block-diagonal
structure for matrix AD. Dealing with systems of this type clearly requires a
more general decomposition, which is independent of the element values and
can be applied to any sparse matrix.

Among the possible structures for matrix A, one of the most general is the
nested Bordered Block Diagonal (BBD) form illustrated in Fig. 1.9. Although
any sparse system can be reordered in this way (at least, in principle), identifying
an appropriate permutation matrix turns out to be a difficult graph-theoretic
problem. Many heuristic schemes have been developed for this purpose, and
there are a number of comprehensive surveys that describe the most important
developments in this field (Happ, 1971; George and Liu, 1981; Duff et al., 1986;
Pothen et al., 1990; George et al., 1993). We should point out, however, that
these results are primarily aimed at solving systems of linear algebraic equations,
and have no obvious applications in control theory. With that in mind, in the
following we will present an algorithm that simultaneously permutes matrices
A, B and C in a way that induces a suitable BBD structure for the gain matrix
(the design of such control laws will be discussed in Sect. 2.2).

For the sake of clarity, we will first describe an algorithm that permutes
matrix A into a BBD form. An important feature of this algorithm is that the
resulting diagonal blocks have approximately equal sizes (such a decomposi-
tion is said to be balanced). Structures of this type are highly desirable from a



1.4. BALANCED BBD DECOMPOSITIONS 13

computational standpoint, since they minimize the communication overhead,
and allow for an equal distribution of the workload among different processors
and/or controllers.

Throughout this section, we will assume that A is sparse and structurally
symmetric, which means that aij �= 0 if and only if aji �= 0. It should be noted
that the latter assumption does not entail any loss of generality, since it is al-
ways possible to temporarily symmetrize a matrix by adding nonzero elements
in appropriate locations. These added elements can be removed once the de-
composition is completed (the obtained block structure remains unchanged in
the process).

The decomposition algorithm consists of three steps, the first of which is
designed to provide an initial partitioning where the border is larger than any
of the diagonal blocks. The border is then recursively decreased in Step 2, until
only two large blocks remain. This procedure is repeated within each new block,
ultimately producing a multilevel nested BBD structure. In the final stage of
the decomposition, the local borders from the different levels are aggregated
into a single overall border. This ensures that all diagonal blocks in the matrix
will have approximately equal dimensions.

STEP 1. The first step in the decomposition requires the construction of an
initial border set B, which is defined as

B = {xi ∈ X : deg(xi) ≥ dm} (1.34)

where dm is a preselected threshold value. A maximal allowable block size Nmax

is then chosen freely, the only restriction being that Nmax ≤ |B| (this constraint
secures that the border is larger than any of the diagonal blocks). The technical
details associated with this stage of the algorithm are illustrated by the following
example (see also Zečević and Šiljak, 1994b).

Example 1.6. Consider the graph shown in Fig. 1.10, which corresponds to a
simple 14 bus electric power system (Wallach, 1986).

12 13 14

9

76

1011

8

5

2

1

3

4

Fig. 1.10 Graph of the 14 bus network
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Setting the threshold value to dm = 4 results in an initial border set B =
{x2, x4, x5, x8, x9}. The bipartite graph obtained after all vertices xk ∈ B are
removed is shown in Fig. 1.11. To facilitate the interpretation of Fig. 1.11, each
vertex yi is shown with its complete incidence list. Note that all column vertices
xk ∈ B and their matching row vertices yk are missing from the graph, because
they belong to the initial border set.

To complete the first step of the decomposition, we will select Nmax = 2,
which is in accordance with the requirement Nmax ≤ |B|. Since Block 5 is larger
than Nmax, it is necessary to add vertex x13 to the border. The augmented
border set thus becomes B∗ = {x2, x4, x5, x8, x9, x13}, and Block 5 breaks down
into the two disconnected components shown in Fig. 1.12.

STEP 2. After Step 1 is executed, the original graph is decomposed into
a border set B∗ and a number of disjoint blocks whose size does not exceed
Nmax. The objective of Step 2 is to recursively decrease set B∗ for as long as at
least two diagonal blocks remain. The procedure is then repeated within each
individual block, thus creating a multilevel nested BBD structure.

x1 (x2, x5)

(x7)

(x2, x4)

(x8, x13)

(x9, x13)

(x8, x10)

(x9, x11)

(x4, x6, x9)

(x8, x12, x14)

x3

x6

x7

x10

x11

x14

x13

x12

y1

y3

y6

y7

y10

y11

y14

y13

y12

Block 1

Block 5

Block 4

Block 3

Block 2

Fig. 1.11 The bigraph after vertices with degree ≥ 4 are removed

x14

x12 (x8, x13)

(x9, x13)y14

y12Block 5

Block 6

Fig. 1.12 The remaining components of Block 5 after x13 is removed
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Fig. 1.13 The border and union list of vertex i

…….. BORDER …….

Block 1
k × k

Block 5
j × j

i

r

s

Fig. 1.14 A schematic interpretation of the lists in Fig. 1.13

In order to determine which border vertex is the next one to be reconnected,
it is helpful to associate a particular data structure and two linked lists with
every xi ∈ B∗. An illustration of these structures is provided in Fig. 1.13, and
the corresponding schematic description is shown in Fig. 1.14.

The contents of the data structures in Fig. 1.13 should be interpreted as
follows.

(i) Vertex xi is connected to blocks 1 and 5 of dimension k × k and j × j,
respectively. Removing xi from B∗ requires the merging of blocks 1 and 5,
which would result in a new block of size Si = k + j. Note that the union
of blocks i, j and m (i < j < m) is labeled as i by convention.

(ii) Since vertex xi is incident to border vertices r and s, the border list has size
qi = 2. Moving xi into block 1 would add block 1 to the union lists of xr

and xs (if it is not there already).
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Fig. 1.15 The graph after three levels of decomposition

Given the structures described above, the next border vertex to be recon-
nected will be the one with the minimal Si. If there is a tie between several
vertices, the one with the smallest qi is selected. These criteria reflect a “greedy”
strategy, whose principal objective is to minimize the sizes of the diagonal blocks
in each step.

STEP 3. The procedure executed in Step 2 is controlled by a decomposition
graph which contains all the necessary information about the nested border and
block sizes. An example of such a graph after three levels of decomposition is
shown in Fig. 1.15, which corresponds to an 8, 000× 8, 000 matrix A.

In Fig. 1.15, Aii, Bii and Cii represent diagonal blocks that are associated
with different levels of nesting, and bj denotes the corresponding local borders.
By removing the local borders and placing them into the overall border, we can
now obtain a matrix in which the sizes of the diagonal blocks and the aggregate
border are balanced. The sequence in which the local borders are removed is
defined by a depth first search of the decomposition graph (e.g., Tarjan, 1972).
The algorithm checks the block and border sizes at each level of nesting, and
terminates when these sizes become approximately equal.

The effectiveness of the proposed decomposition algorithm is illustrated in
Figs. 1.16–1.21, which correspond to sparse structures that arise in various areas
of engineering (the matrix sizes range from 5, 300×5, 300 to 250, 000×250, 000).
In all cases, the execution time of the algorithm compares favorably to other
sparse matrix ordering schemes, such as the minimal degree method (e.g., Tinney
and Walker, 1967; George and Liu, 1989).
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Fig. 1.16 A model of the western U.S. power network (5, 300 × 5, 300)

Fig. 1.17 The matrix after a balanced BBD decomposition
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Fig. 1.18 Model of an automobile chassis (44, 609× 44, 609)

1.5 Input–Output Constrained Decompositions

For control purposes, it is desirable that each diagonal block of A have at least
one input and one output associated with it. When this is the case, the sub-
systems defined by blocks Aii (i = 1, 2, . . . , N) are said to be input/output
decentralized (Šiljak, 1978). In the case of epsilon decomposition, this property
can generally be ensured by reducing the value of parameter ε, which leads to
larger blocks in matrix AD (and therefore increases the likelihood that the cor-
responding blocks of B and C will be non-empty). It is important to recognize,
however, that BBD decompositions do not allow for this kind of flexibility, since
ε is set to zero by default. In order to resolve such problems, it is necessary to
simultaneously permute matrix A into the BBD form and secure a compatible
nonzero structure for matrices B and C. The algorithm described in this sec-
tions shows how such an objective can be accomplished in a systematic manner
(Zečević and Šiljak, 2005).
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Fig. 1.19 The matrix after a balanced BBD decomposition

We begin by associating an undirected graph G(V,E) with system (1.1),
where V is a set of vertices vi and E represents a set of edges eij . We will
assume that V = X

⋃
U
⋃
Y consists of three disjoint sets of vertices, the state

set X = {x1, . . . , xn}, the input set U = {u1, . . . , um} and the output set Y
= {y1, . . . , yq}. Then, (xi, xj) ∈ E if and only if aij �= 0, (xi, uj) ∈ E if and only
if bij �= 0 and (xi, yj) ∈ E if and only if cji �= 0. As in the previous section, we
can assume without loss of generality that matrix A is structurally symmetric; if
that were not the case, we could simply use A+AT to obtain the decomposition.

The proposed algorithm can now be described by the following sequence
of steps.

STEP 1. The decomposition is initialized by identifying the shortest path
from every input vertex to an output vertex. If any outputs remain unvisited at
this point, the procedure is reversed with these outputs as the starting vertices.
The initial graph is then formed as a union of the obtained paths. A typical
situation after this stage of the decomposition is shown in Fig. 1.22, for a system
with four inputs and six outputs.
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Fig. 1.20 Segment of a matrix resulting from a nine point finite element
approximation (the overall matrix is 250, 000× 250, 000)

STEP 2. The second step begins by forming incidence sets

X
(i)
u = {xk ∈X : (x k , ui) ∈E}

X
(i)
y = {xk ∈X : (x k , y i) ∈E}

(1.35)

for each ui ∈ U and yi ∈ Y . The union of these sets

X̄ =

{
m⋃

i=1

X(i)
u

}⋃{ q⋃
i=1

X(i)
y

}
(1.36)

is then added to the graph obtained in Step 1. If there are any elements xi, xj ∈
X̄ such that (xi, xj) ∈ E, these edges are added to the graph as well.

Once the new graph Γ is formed, its disjoint components Γi = Xi

⋃
Ui

⋃
Yi

(i = 1, 2, . . . , k) are identified (note that by construction each set Γi contains
at least one input and one output vertex). A possible scenario corresponding to
Fig. 1.22 is shown in Fig. 1.23, in which all edges added in Step 2 are indicated
by dashed lines.
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Fig. 1.21 The matrix after a balanced BBD decomposition

It is important to recognize at this point that all vertices xi ∈X that are
incident to some input or output have been included in sets Γi (i = 1, 2, . . . , k).
Vertices xi /∈Γ constitute set XC , which represents a separator for the graph
(this implies that the removal of XC from the overall graph results in disjoint
sets Γi). A schematic representation of this property is shown in Fig. 1.24.

STEP 3. In most problems, the separatorXC is large and needs to be reduced
in order to obtain a meaningful BBD decomposition. To perform the necessary
reduction, we first need to identify a subset of inputs and outputs that we wish
to associate with the border block. For simplicity, let those inputs be contained
in sets Γk−1 and Γk . We then form the initial border B as the union of sets XC ,
Γk−1 and Γk (this initial border has been shaded in Fig. 1.24). The remaining
sets Γi (i = 1, 2, . . ., k−2) obviously represent the corresponding initial diagonal
blocks, and the vertices of XC are now reconnected to these blocks one by
one. The order in which the reconnection proceeds is determined by the same
“greedy” strategy that was described in the previous section. As in the case of
balanced BBD decompositions, the reconnection continues for as long as at least
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Fig. 1.22 Shortest input/output paths for a sample graph

two diagonal blocks remain. The situation at the end of this stage is shown in
Fig. 1.25, in which the final border is shaded.

Several comments are in order at this point.

Remark 1.7. Reconnecting any further vertices from the border would require
merging blocks 1 and 2. In that sense, the obtained border is minimal.

Remark 1.8. The decomposition secures that each of the diagonal blocks has
at least one input and one output associated with it, since only vertices belonging
to XC are reconnected. In addition, the preselected inputs and outputs remain
associated with the border block.

Remark 1.9. The reconnection scheme uses the same data structures and tie-
breaking criteria as the one described in the previous section.

Remark 1.10. The fact that each diagonal block has at least one input asso-
ciated with it does not automatically guarantee controllability, or even input
reachability. Along these lines, we should note that it is possible to construct
a graph that is input reachable, but generically uncontrollable due to dilation
(Šiljak, 1991).
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……G1 Gk-2

GkGk-1

G2

XC

Fig. 1.24 A schematic representation of the initial border

STEP 4. The decomposition proceeds in a nested manner by separately
applying Steps 1–3 to each diagonal block. The algorithm terminates when one
of the following two conditions is encountered:
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Fig. 1.25 The graph after the reconnection is complete

(1) A block has no more than two inputs and/or two outputs associated with
it, making a further decomposition impossible.

(2) The resulting border set is unacceptably large. In this case, the block
cannot be decomposed in a meaningful way (or, to put it differently, the block
is not sufficiently sparse).

The proposed decomposition produces a permutation matrix P that corre-
sponds to the obtained graph-theoretic partitioning. The generic structure of
matrix ABBD = PTAP is the one shown in Fig. 1.9 (possibly with additional
levels of nesting), while BD = PTB and CD = CP consist of nonzero blocks
that are compatible with those of ABBD.

It should also be observed that the proposed decomposition can easily be
extended to the form

Â = ABBD + ε1AC ; B̂ = BD + ε2BC ; Ĉ = CD + ε3CC (1.37)

where ε1, ε2 and ε3 are small positive numbers, and all elements of AC , BC

and CC are smaller than one in magnitude. This represents a combination of
epsilon decomposition and input/output constrained BBD decomposition. The
structure in (1.37) can be obtained by discarding all elements ofA, B and C such
that |aij | ≤ ε1, |bij | ≤ ε2 and |cij | ≤ ε3 prior to executing the decomposition. In
many cases, this can significantly increase the sparsity of A and produce a more
flexible BBD structure. It also guards against poorly controllable or observable
blocks, by discarding small entries in matrices B and C.
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Zečević, A. I. and D. D. Šiljak (1994b). Balanced decompositions of sparse
systems for multilevel parallel processing. IEEE Transactions on Circuits
and Systems, 41, 220–233.
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Chapter 2

Information Structure
Constraints

Large-scale systems require control laws whose computation is efficient, and
whose implementation entails a minimal amount of information exchange be-
tween the subsystems. In order to design such laws, it is necessary to develop
versatile algorithms that can incorporate a broad range of information structure
constraints. This problem has received considerable attention in recent years,
particularly in the context of Linear Matrix Inequalities (LMIs) (see e.g., Boyd
et al., 1994; Geromel et al., 1994; El Ghaoui and Niculescu, 2000; de Oliveira
et al., 2000; Ayers and Paganini, 2002; Langbort et al., 2004; Šiljak and Zečević,
2005; Zečević and Šiljak, 2008, and the references therein). In this chapter we
will adopt a similar approach, and utilize LMI optimization to obtain struc-
turally constrained control laws that are suitable for complex systems. In doing
so, we will rely on the mathematical framework proposed in Šiljak and Sti-
panović (2000) which will be extended in a number of different ways. We will
also take into account the decomposition techniques described in Chap. 1, which
suggest that the gain matrix structures shown in Figs. 2.1–2.3 are particularly
desirable for large-scale applications.

In the sections that follow, we will describe how each of these structures
can be obtained in an efficient manner, and examine a variety of possible
applications.

2.1 Linear Matrix Inequalities: An Overview

Let us consider a system of n first order differential equations of the form

S : ẋ = f(x) (2.1)

where x(t) ∈ Rn represents the state vector at time t, and f : Rn → Rn is a
known nonlinear function that satisfies f(0) = 0. Given a quadratic Lyapunov
function

A.I. Zečević and D.D. Šiljak, Control of Complex Systems, 29
Communications and Control Engineering, DOI 10.1007/978-1-4419-1216-9 2,
c© Springer Science+Business Media, LLC 2010
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Fig. 2.1 A block-diagonal gain matrix structure

 

Fig. 2.2 An overlapping gain matrix structure

Fig. 2.3 A BBD gain matrix structure

V (x) = xTPx (2.2)

it is well known that equilibrium xe = 0 will be stable if inequalities

V (x) > 0 (2.3)

and
V̇S(x) < 0 (2.4)

hold simultaneously for all x �= 0.
The first requirement is quite straightforward, and is obviously satisfied

whenever P is chosen to be a symmetric, positive definite matrix (denoted by
P > 0). Condition (2.4) is somewhat more complicated, since it involves the
derivative of V (x) along the solutions of system S. This derivative is defined as

V̇S(x) = fT (x)Px + xTPf(x) (2.5)

and showing that it is negative for all x �= 0 can be a difficult task in general. We
should note, however, that in the special case when f(x) = Ax, (2.4) reduces to

ATP + PA < 0 (2.6)

which is a linear matrix inequality in P . Conditions such as (2.6) belong to a
general class of convex optimization problems that can be described as (e.g.,
Boyd et al., 1994)
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F0 +
m∑

i=1

piFi > 0 (2.7)

where pi are scalar variables, and Fi (i = 0, 1, . . . ,m) represent known symmet-
ric matrices. Recent advances in numerical analysis have greatly reduced the
computational effort needed to solve such inequalities, and have made (2.7) an
attractive mathematical framework for a broad range of control problems (see
e.g., Nesterov and Nemirovskii, 1994; Wright, 1997).

In the chapters that follow, we will be particularly interested in using this
approach to robustly stabilize systems of the form

S : ẋ = Ax+ h(x) +Bu (2.8)

where h : Rn → Rn is an additive nonlinearity, and u(t) ∈ Rm represents the
input vector at time t. Models of this type arise naturally in a wide variety of
engineering problems, ranging from electric power systems to vehicle platooning
and aerospace applications. We should also point out that (2.8) can be used to
describe general nonlinear systems of the form

S : ẋ = f(x) +Bu (2.9)

whenever f(0) = 0. In such cases matrix A can be interpreted as the Jacobian of
f(x) evaluated at the origin, while h(x) = f(x)−Ax corresponds to the residual
term in the expansion.

In order to develop a robust control strategy for system (2.8), let us assume
that the input has the form

u = Kx (2.10)

and consider the corresponding closed-loop system

SK : ẋ = AKx+ h(x) (2.11)

where AK = A+BK. In this case, (2.3) and (2.4) become

xTPx > 0 (2.12)

and
xT (AT

KP + PAK)x+ xTPh(x) + hT (x)Px < 0 (2.13)

for all x �= 0. If we rewrite the above inequality as a quadratic form

yTFy < 0 (2.14)

where

y =
[

x
h(x)

]
(2.15)

and

F =
[
AT

KP + PAK P
P 0

]
(2.16)
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it is readily observed that (2.14) cannot hold for all possible y, since matrix F
can never be negative definite. It turns out, however, that this is not a major
obstacle, since we are usually interested only in a specific class of functions h(x).
In the following, we will specify this class as the set of all nonlinearities that
satisfy

hT (x)h(x) ≤ α2xTHTHx (2.17)

where H is a given constant matrix of dimension n×n, and α is a scalar param-
eter that can be viewed as a measure of robustness with respect to uncertainties
(one of our objectives will be to maximize this parameter by an appropriate
choice of matrix K).

Since we require (2.14) to hold only for functions h(x) that satisfy bound
(2.17), we must view this inequality as conditional. To see what the implica-
tions are, we will make use of the S-procedure (Yakubovich, 1977), whose main
features are summarized in the following theorem.

Theorem 2.1. Let F and G be symmetric matrices of dimension n×n. Then,

yTFy < 0 (2.18)

holds whenever
yTGy ≤ 0 (2.19)

if there exists a number τ > 0 such that

F − τG < 0. (2.20)

In view of Theorem 2.1, it is convenient to rewrite (2.17) as a quadratic form

[
x

h(x)

]T [ −α2HTH 0
0 I

] [
x

h(x)

]
≤ 0 (2.21)

Condition (2.14) will then be satisfied for all functions h(x) that conform to
(2.17) if there exists a number τ > 0 such that

[
AT

KP + PAK + τα2HTH P
P −τI

]
< 0 (2.22)

It is important to recognize that this inequality is not linear in P and K, since
the term

AT
KP + PAK = ATP + PA+ PBK +KTBTP (2.23)

contains the product PBK (and its transpose). In order to avoid this difficulty,
we will introduce new matrices (e.g., Geromel et al., 1994; Šiljak and Stipanović,
2000)

Y = τP−1 (2.24)

and
L = KY (2.25)



2.1. LINEAR MATRIX INEQUALITIES: AN OVERVIEW 33

which allow us to rewrite (2.22) as

τ

[
AT

KY
−1 + Y −1AK + α2HTH Y −1

Y −1 −I

]
< 0. (2.26)

Recalling that Theorem 2.1 requires τ to be positive, and observing that Y must
be a symmetric positive definite matrix by virtue of (2.12) and (2.24), we can
use the standard Schur complement formula (e.g., Golub and van Loan, 1996)
to express (2.26) in the form

⎡
⎣
Y AT

K +AKY + γ−1Y HTHY I 0
I −I 0
0 0 −γI

⎤
⎦ < 0 (2.27)

where γ > 0 is a new variable defined as

γ = 1/α2. (2.28)

In view of these results, the control design can be formulated as the following
LMI problem in Y , L and γ:

Problem 2.2. Minimize γ, subject to

Y > 0 (2.29)

and ⎡
⎣
AY + Y AT +BL+ LTBT I Y HT

I −I 0
HY 0 −γI

⎤
⎦ < 0 (2.30)

The above procedure produces a gain matrix

K = LY −1 (2.31)

that maximizes parameter α. Such a feedback law will effectively enlarge the
class of uncertain functions h(x) for which (2.17) holds, thereby ensuring that
the system remains stable for a wide range of uncertainties. In view of that, α
can be interpreted as a measure for the robustness of the closed-loop system. We
should point out, however, that the optimization described in Problem 2.2 places
no restrictions on the gain matrix K. In order to prevent ‖K‖ from becoming
unacceptably large, it will be necessary to include additional inequalities that
implicitly bound this quantity.

To see how this can be accomplished, we should first observe that ‖L‖2 can
be bounded as [

−κL I LT

L −I

]
< 0 (2.32)

where κL represents a scalar LMI variable. Using the Schur complement formula,
it is easily verified that this condition is equivalent to the constraint ‖L‖2 <√
κL . Proceeding in a similar manner, we can bound

∥∥Y −1
∥∥

2
using inequality
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[
Y I
I κY I

]
> 0 (2.33)

where κY is a scalar parameter. In this case, (2.33) directly implies
∥∥Y −1

∥∥
2
<

κY .
Taking into account (2.32) and (2.33), the optimization outlined in Problem

2.2 can be modified to incorporate constraints on the gain size. This gives rise
to the following LMI problem in γ, κY , κL, Y and L.

Problem 2.3. Minimize a1γ + a2κY + a3κL subject to

Y > 0 (2.34)
⎡
⎣
AY + Y AT +BL+ LTBT I Y HT

I −I 0
HY 0 −γI

⎤
⎦ < 0 (2.35)

γ − 1/ᾱ2 < 0 (2.36)

and [
−κL I LT

L −I

]
< 0,

[
Y I
I κY I

]
> 0 (2.37)

Several comments need to be made regarding this design procedure.

Remark 2.4. The coefficients a1, a2 and a3 represent positive weights which
reflect the relative importance of optimization variables γ, κY and κL. Typical
values for these parameters are a1 = a3 = 0.01 and a2 = 10.

Remark 2.5. The obtained controller is linear, which makes its implementa-
tion straightforward and cost effective.

Remark 2.6. The gain matrix is computed directly as K = LY −1, and its
norm is implicitly constrained as ‖K‖ ≤ ‖L‖

∥∥Y −1
∥∥ < √

κL κY .

Remark 2.7. If the LMI optimization is feasible, the resulting gain matrix sta-
bilizes the closed-loop system for all nonlinearities satisfying (2.17). Condition
(2.36) additionally secures that α is greater than some desired value ᾱ.

In applications to large-scale systems, the computational effort associated
with solving Problem 2.3 becomes a critical consideration. A meaningful measure
for this effort is the total number of LMI variables, which can be estimated as

η(Y, L) =
n(n+ 1)

2
+mn (2.38)

(note that Y is a symmetric n × n matrix and that L has dimension m × n).
The fact that η(Y, L) is proportional to n2 is clearly a limiting factor, which
restricts the applicability of this procedure to relatively small systems. We will
show, however, that the mathematical framework described in Problem 2.3 is
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actually quite flexible, and allows for the inclusion of a number of additional
information structure constraints on the gain matrix. These constraints can help
resolve the dimensionality problem, and can lead to control laws that are easy
to implement. In the following sections, these issues will be discussed in greater
detail.

2.2 Decentralized and BBD State Feedback

Decentralized control has been a preferred strategy for large-scale systems for
over three decades. There are many reasons for its popularity, the most promi-
nent one being its ability to effectively solve problems of dimensionality, un-
certainty and information structure constraints. Such an approach is also eco-
nomical, since it is easy to implement, and can significantly reduce costly com-
munication overhead. The vast body of existing literature on the decentralized
control of large-scale systems (including both theory and applications) has been
reviewed in a number of survey papers and books (Šiljak, 1978, 1991, 1996;
Ikeda, 1989; Tamura and Yoshikawa, 1990; Lunze, 1992; Sezer and Šiljak, 1996;
Jamshidi, 1997; Šiljak and Zečević, 1999, 2005; Wu, 2003; Bakule, 2008). The
discussion that follows will not have such a broad scope, and will focus pri-
marily on the design of robust decentralized control laws using linear matrix
inequalities.

We begin by observing that decentralized state feedback has the form

u = KDx (2.39)

where KD = diag{K11, . . . ,KNN} is a block-diagonal matrix (see Fig. 2.1).
Recalling that Problem 2.3 produces a gain matrix K = LY −1, it follows that
the only necessary adjustment to this procedure is to require that matrices Y
and L be block-diagonal. Denoting such matrices by YD and LD, the modified
LMI optimization takes the following form.

Problem 2.8. Minimize a1γ + a2κY + a3κL subject to

YD > 0 (2.40)
⎡
⎣
AYD + YDA

T +BLD + LD
TBT I YDH

T

I −I 0
HYD 0 −γI

⎤
⎦ < 0 (2.41)

γ − 1/ᾱ2 < 0 (2.42)

and [
−κL I LD

T

LD −I

]
< 0;

[
YD I
I κY I

]
> 0 (2.43)

It is not difficult to see that the proposed design procedure can be generalized
to include gain matrices with the bordered block-diagonal structure shown in
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Fig. 2.3. The only modification to Problem 2.8 amounts to replacing LD with
a matrix

LBBD =

⎡
⎢⎢⎢⎣

L11 0 . . . L1N

0 L22 . . . L2N

...
...

. . .
...

LN1 LN2 . . . LNN

⎤
⎥⎥⎥⎦ (2.44)

whose nonzero pattern is identical to that of matrix K. This type of control
law is ideally suited for large-scale systems that have no discernible structural
properties, but allow for a certain level of information exchange between lo-
cal controllers. In such cases, the decomposition described in Sect. 1.5 can be
used to simultaneously permute matrices A, B and C in a way that induces a
suitable BBD structure for the gain matrix (this possibility will be examined in
greater detail in Sect. 3.3, in the context of a large-scale mechanical system).

Remark 2.9. Recalling that YD and LD are block-diagonal matrices with
blocks of sizes ni × ni and mi × ni, respectively, the total number of LMI
variables in the decentralized case can be computed as

η(YD, LD) =
N∑

i=1

[
ni(ni + 1)

2
+mini

]
(2.45)

This is clearly a significant reduction compared to the centralized estimate
(2.38). We should also point out that the LMI optimization can be modified
in such a way that a block-diagonal gain matrix is obtained using a full matrix
Y . This possibility will be discussed in Chap. 4.

In order to illustrate the practical benefits of LMI-based decentralized control
design, in the following section we will consider how it can be applied to stabilize
electric power systems for a broad range of disturbances (Šiljak et al., 2002).

2.3 Turbine Governor Control

The need for developing robust decentralized control strategies has been recog-
nized by power system researchers for several decades (e.g., Šiljak, 1978; Kundur,
1994; Ilić and Zaborszky, 2000). In the past, much of the effort was directed to-
ward offsetting the effects of load variations in the system; with the emergence
of deregulation, however, the problem of robust control has taken on additional
significance and complexity, necessitating the use of nonlinear system models.
This is largely due to the fact that in a deregulated environment the system
tends to be more stressed, and the operating conditions become difficult to
anticipate. Under such circumstances, it is important to develop robust decen-
tralized control designs that can protect the system against both large and small
disturbances, wherever they may arise.

To illustrate how the proposed LMI approach can be applied for the ro-
bust decentralized control of power systems, we will consider n interconnected
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machines with steam valve control. In this model, the dynamics of the ith gen-
erator are described as (Sauer and Pai, 1998)

δ̇i = ωi

Miω̇i = Pmi − Pei(δ) −Diωi

(2.46)

where

Pei(δ) =
n∑

j = 1

EqiEqj [Gij cos(δi − δj) +Bij sin(δi − δj)] (2.47)

represents the electrical power. The turbine is assumed to be of the non-reheat
type, and is modeled as

TMiṖmi = −Pmi +Xi (2.48)

where TMi is the turbine time constant and Xi is the steam valve opening for
the ith machine. The mechanical – hydraulic speed governor can be represented
as a first order system

TEiẊi = −Xi − ωi/Ri + P 0
mi

+ ui (2.49)

where TEi , Ri and P 0
mi

are the governor time constant, the regulation constant
and the steady state mechanical power, respectively.

The term ui in (2.49) represents the control input of the ith generator.
Following the ideas introduced in (Jiang et al., 1997), the corresponding control
law is assumed to have the form

ui = ki1(δi − δ0i ) + ki2(ωi − ω0
i ) + ki3(Pmi − P 0

mi
)+

+ ki4(Xi −X0
i )

(2.50)

where (δ0i , ω
0
i , P

0
mi
, X0

i ) represent equilibrium values for the states. Defining new
state variables (x1i, x2i, x3i, x4i) as deviations from the equilibrium, we obtain
the modified system in the form

ẋi = Aixi + hi(x) +Biui (i = 1, 2, . . . , n) (2.51)

where

Ai =

⎡
⎢⎢⎣

0 1 0 0
0 −Di/Mi 1/Mi 0
0 0 −1/TMi 1/TMi

0 −1/TEiRi 0 −1/TEi

⎤
⎥⎥⎦ (2.52)

and

Bi =

⎡
⎢⎢⎣

0
0
0

1/TEi

⎤
⎥⎥⎦ (2.53)
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The nonlinear term associated with the ith generator can be expressed as

hi(x) =

⎡
⎢⎢⎣

0
ΔPi(x)/Mi

0
0

⎤
⎥⎥⎦ (2.54)

where ΔPi(x) = Pei
(δ0)−Pei (δ). Recalling (2.47) and introducing δij = δi− δj ,

ΔPi(x) can be rewritten explicitly as

ΔPi(x) =
n∑

j = 1

EqiEqj Gij [cos δij − cos δ0ij ]+

+
n∑

j =1

EqiEqj Bij [sin δij − sin δ0ij ]
(2.55)

Using standard trigonometric identities, we can now express (2.55) more conve-
niently as

ΔPi(x) =
n∑

j =1

EqiEqjαij(δ) sin yij (2.56)

where yij = (x1j − x1i)/2 and

αij(δ) = 2

[
Bij cos(

δ0ij + δij

2
) −Gij sin(

δ0ij + δij

2
)

]
(2.57)

It is straightforward to show that functions αij(δ) defined in this way satisfy

|αij(δ)| ≤ 2(G2
ij +B2

ij)
1/2 (2.58)

for all i, j.
In order to apply the LMI approach to this model, it is necessary to bound

the nonlinear term hi(x) in the manner described in (2.17). To that effect, let
us define quantities

E = diag{Eq1, . . . , Eqn}; αi(δ) = [αi1(δ), . . . , αin(δ)]T

zi = [sin yi1, . . . , sin yin]T ; yi = [yi1, . . . , yin]T
(2.59)

In terms of the new notation, we can rewrite ΔPi(x) as

ΔPi(x) = Eqi α
T
i (δ)E zi (2.60)

and consequently
hT

i (x)hi(x) = zT
i Ci zi (2.61)

where
Ci = E2

qiE αi(δ)αT
i (δ)E (2.62)

For bounding purposes, we should observe that each element of matrix Ci

satisfies



2.4. LOW-RANK CORRECTIONS 39

|ckj | ≤ 4E2
qiEqk Eqj (G2

ik +B2
ik)1/2(G2

ij +B2
ij)

1/2 (2.63)

and that

|sin yik| |sin yij | ≤
y2

ik + y2
ij

2
(2.64)

It is now easily verified that

hT
i (x)hi(x) = yT

i Di yi (2.65)

where Di is a diagonal matrix with entries

d
(i)
kk = 4E2

qiEqk (G2
ik +B2

ik)1/2
n∑

j =1

Eqj(G2
ij +B2

ij)
1/2 (2.66)

Recalling that yij = (x1j − x1i)/2, the definition in (2.59) further implies that

yi =
1
2
Tix1 (2.67)

where

Ti =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 · · · −1 · · · 0 · · · 0
...

. . .
...

. . .
...

. . .
...

0 · · · 0 · · · 0 · · · 0
...

. . .
...

. . .
...

. . .
...

0 · · · −1 · · · 1 · · · 0
...

. . .
...

. . .
...

. . .
...

0 · · · −1 · · · 0 · · · 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2.68)

and x1 = [x11, . . . , x1n]T . We thus obtain the following bound

hT
i (x)hi(x) = xT

1 T
T
i DiTix1 (2.69)

which is easily extended to the form

hT (x)h(x) ≤ xTHTHx (2.70)

The gains obtained using the proposed LMI approach are optimal in the
sense that they maximize the value of parameter α for a given bound on the
gain norm. To see what this means in terms of transient stability, we evaluated
the response of the IEEE 39 bus system (Pai, 1989) with 10 generators for a
variety of disturbances. Typical closed-loop responses for the rotor angles are
shown in Fig. 2.4 for a short-circuit fault near generator 8 (Šiljak et al., 2002).

2.4 Low-Rank Corrections

Although the decentralized control design described in the previous sections
proved to be successful in a variety of practical problems, this approach does
not always produce the desired results. The following three scenarios highlight
some of the problems that can arise in this context:
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Fig. 2.4 Evolution of the rotor angles following a short circuit fault

(i) There are certain classes of systems that are controllable, but cannot be
stabilized by decentralized feedback. Systems of this type have been studied
extensively in the context of decentralized (and structurally) fixed modes
(Wang and Davison, 1973; Sezer and Šiljak, 1981; Anderson and Clements,
1981; Davison and Özgüner, 1983; Tanino and Tanaka, 1993).

(ii) The LMI-based design proposed in Sect. 2.2 requires a block-diagonal Lya-
punov function. Such a constraint is often restrictive, and can significantly
degrade the robustness of the closed-loop system. In some cases, it can even
lead to infeasibility of the optimization.

(iii) Even with an unconstrained Lyapunov function, a decentralized feedback
law need not guarantee a sufficient degree of robustness with respect to
uncertainties (in other words, α may be too small).

With that in mind, in the following we will consider a design strategy that
can address the deficiencies pointed out above (Zečević and Šiljak, 2005a). The
basic idea behind this approach is to supplement decentralized feedback laws
with a low-rank centralized correction, which can be obtained by a modification
of the LMI optimization in Problem 2.8. Our specific objective will be to design
a control law of the form

u = (KD +WV )x (2.71)
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where KD = diag{K11, . . . ,KNN} corresponds to the decentralized part of the
feedback, and W and V are matrices of dimension m× r and r×n, respectively.
The sizes of these matrices are determined by the user, the only restriction being
that r � n. Such a constraint secures that the computational effort associated
with the correction term remains minimal, and allows for easy implementation
in a multiprocessor environment.

In designing a control law of the form (2.71), it is first necessary to establish
whether or not the system can be stabilized by decentralized feedback. Two
possible scenarios can arise in this context, leading to different design strategies.

2.4.1 Systems Where Decentralized LMI Design
is Infeasible

In cases where Problem 2.8 is infeasible with block-diagonal matrices LD and
YD, we need to look for a different type of solution. The following lemma provides
the mathematical framework for such a modification.

Lemma 2.10. Suppose that matrices Y and L have the form

Y = YD + UYCU
T

L = LD + LCU
T

(2.72)

where U is a fixed n×r matrix of full rank. We will further assume that LD and
YD are block-diagonal, and that YC and LC are unknown matrices of dimensions
r × r and m× r, respectively. If Problem 2.8 is feasible under these conditions,
there exists a stabilizing gain matrix of the form

K = KD +WV (2.73)

where KD = LDY
−1
D , and the product WV represents a correction term whose

rank is less than or equal to r.

Proof. Based on the decomposition given in (2.72), the Sherman–Morrison for-
mula (e.g., Golub and van Loan, 1996) allows us to express Y −1 as

Y −1 = Y −1
D − SRUTY −1

D (2.74)

Matrices S andR have dimensions n×r and r×r, respectively, and are defined as

S = Y −1
D UYC

R =
[
I + UTS

]−1
(2.75)

Recalling that
K = LY −1 = (LD + LCU

T )Y −1 (2.76)

it is easily verified that this matrix can be expressed as K = KD +WV , where
KD = LDY

−1
D , and
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W = LC(I − UTSR) − LDSR (2.77)

V = UTY −1
D (2.78)

Since W and V have dimension m × r and r × n by definition, their product
will necessarily have rank ≤ r. �

It is important to note at this point that matrix U introduces an additional
degree of freedom into Problem 2.8, since it can be chosen arbitrarily. It is by no
means clear, however, how this flexibility can be exploited for control purposes.
From a computational standpoint, it would not be beneficial to treat U as
an optimization variable, since this would destroy the linearity of the problem
(which is one of the principal advantages of all LMI-based design strategies). In
view of that, it is more practical to consider heuristic methods for constructing
U , which are potentially conducive to the feasibility of the LMI optimization
process. The following Lemma shows how this might be done in a systematic
manner.

Lemma 2.11. Let λ1, . . . , λr be the set of stable eigenvalues of A, and let Λr

be the corresponding real Jordan form. Then, there exists a real n × r matrix
U and a positive definite matrix YC such that

A
(
UYCU

T
)

+
(
UYCU

T
)
AT ≤ 0 (2.79)

Proof. Since Λr is a stable matrix by assumption, equation

ΛrYC + YCΛT
r = −I (2.80)

has a unique symmetric, positive definite solution YC (whose dimension is r×r).
Furthermore, there always exists an n× r real matrix Tr such that

ATr = TrΛr (2.81)

Setting U = Tr, it is easily verified that

A
(
UYCU

T
)

+
(
UYCU

T
)
AT = U

(
ΛrYC + YCΛT

r

)
UT ≤ 0 (2.82)

�
Recalling that the term (2.79) appears in (2.30), it is reasonable to expect

that a matrix U chosen along these lines will improve the optimization process.
We have found that this is indeed the case for a wide range of problems. We
should also note that matrix Tr can be computed efficiently even in cases when
matrix A is large, provided that r � n (see e.g., Golub and van Loan, 1996, for
a description of suitable numerical techniques).

Remark 2.12. It should be noted that Y = YD and L = LD + LCU
T is a

simpler choice than (2.72), leading to a low-rank centralized feedback correction
with W = LC and V = UTY −1

D . Despite the simplicity, however, it is preferable
to include the term YC in the optimization, since this increases the number of
LMI variables and generally leads to better results in terms of robustness.
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The following example illustrates how the proposed centralized correction
can be used to stabilize a system with a pair of structurally fixed modes under
decentralized constraints (see Sezer and Šiljak (1981) for a detailed discussion
of this concept).

Example 2.13. Let us consider the lower block-triangular system

S : ẋ = Ax +Bu (2.83)

with

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

−1 1 0 0 0 0
0 −1 0 0 0 0
1 3 −1 2 0 0
1 2 0 1 0 0
0 0 0 1 −1 1
0 0 4 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎦

(2.84)

and

B =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 0
1 0 0
0 1 0
0 0 0
0 0 1
0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

(2.85)

Although the pair (A,B) is controllable, it is easily verified that there are two
unstable modes that are structurally fixed with respect to decentralized control.
In order to resolve this problem, we can apply a centralized correction of rank
one, using (2.72) with

U =
[

1 1 1 1 1 1
]T (2.86)

The corresponding LMI optimization produces matrices

KD =

⎡
⎣
−0.69 −1.53 0 0 0 0

0 0 −1.31 1.78 0 0
0 0 0 0 0 0.001

⎤
⎦ (2.87)

W =

⎡
⎣

−2.76
−0.77
0.0003

⎤
⎦ (2.88)

V =
[

0.98 2.02 1.85 1.85 0 2.76
]

(2.89)

and the closed-loop system

ẋ = (A+BKD +BWV )x (2.90)

is stable, with eigenvalues {−0.86 ± j2.82, −1.59± j0.38, −1, −9.31}.
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2.4.2 Systems Where Decentralized LMI Design
is Feasible

When Problem 2.8 is feasible with block-diagonal matrices LD and YD, it makes
sense to first compute a stabilizing decentralized control law, and then use the
low-rank correction term to improve the system performance. An obvious ad-
vantage of such a strategy stems from the fact that it ensures stability even in
the event of a communication failure. A simple two-step procedure for designing
this type of control can be described as follows:

STEP 1. Solve Problem 2.8 with block-diagonal matrices LD and YD. This
leads to a decentralized control law u = KDx, where KD = LDY

−1
D . Note that

the closed-loop system is guaranteed to be stable at this point, but its robustness
with respect to uncertainties may still be inadequate.

STEP 2. Apply the low-rank centralized correction to the closed-loop system
AK = A+BDKD, with

Y = YD + UYCU
T

L = LCU
T

(2.91)

In this case, the supplemental control has the form u = WV x, where W =
LC(I − UTSR) and V = UTY −1

D .

Remark 2.14. As noted earlier, it is possible to simplify the procedure by
choosing Y = YD. However, including the term UYCU

T is desirable in practice,
since it produces a Lyapunov function that is not block-diagonal. The benefits
of using structurally unconstrained Lyapunov functions have been recognized
by a number of authors (e.g., Zhai et al., 2001; Ebihara and Hagiwara, 2003),
and will be discussed in greater detail in Chaps. 3 and 4.

2.4.3 Implementation Issues

In evaluating the practical advantages of the proposed approach, it is important
to recognize that the number of LMI variables associated with matrices Y and
L in (2.72) is

η(Y, L) = mr +
r(r + 1)

2
+

N∑
i=1

[
ni(ni + 1)

2
+mini

]
(2.92)

This is similar to the decentralized estimate (2.45), the only difference being the
variables corresponding to matrices YC and LC . Given that r � n, it follows
that the computational effort required for the proposed design remains modest
even when n is large. The implementation of such a control in a multiprocessor
environment is also quite straightforward. Indeed, if matrices W and V are
partitioned as

W = [WT
1 , . . . ,W

T
N ]T V = [V1, . . . , VN ] (2.93)

the corresponding control scheme for processor i has the form shown in Fig. 2.5.
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Wi Siz(t)

xi(t)

Vixi(t)Kii Vi

Fig. 2.5 Computation tasks for processor i

In this scheme, processor i performs multiplications involving matrices Wi,
Vi and Kii, which are of dimension mi × r, r×ni and ni ×ni, respectively. This
strategy also requires a front end processor, whose main function is to assemble
and distribute the subsystem information, and to form the r × 1 vector

z(t) =
N∑

j=1

Vjxj(t) = V x(t) (2.94)

The only communication tasks involved are single-node gather and scatter op-
erations, which are known to result in low overhead. If necessary, the front end
processor can also periodically recompute matrices Wi, Vi and Kii, in response
to changes in the system configuration.

We should note in this context that when the number of subsystems is large,
direct communication with a single “supervisory” processor may not be efficient,
and can result in serious bottlenecks. In such cases, it is advisable to apply a
hierarchical tree-type communication strategy such as the one commonly used
in massively parallel architectures (e.g., Bertsekas and Tsitsiklis, 1989).

2.5 Low-Rank Corrections in Vehicle Control

To demonstrate the practical effectiveness of low-rank corrections, in this section
we will consider the control of large platoons of vehicles. In a close formation
platoon consisting of N vehicles, the ith vehicle can be represented by a nonlin-
ear third order model (e.g., Godbole and Lygeros, 1994; Swaroop et al., 1994;
Shladover, 1991; Stanković et al., 2000)

Si : ḋi = vi−1 − vi

v̇i = ai

ȧi = fi(vi, ai) + g(vi)ξi

(2.95)

In (2.95), di = xi−1−xi represents the distance between vehicle i and the vehicle
ahead of it (xi−1 and xi being their positions), vi and ai are the velocity and
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acceleration, respectively, and ξi is the engine input. Functions fi(vi, ai) and
g(vi) are assumed to be known under normal operating conditions.

If we allow for uncertainties in fi(vi, ai) due to varying external conditions,
the last equation in (2.95) can be rewritten as

ȧi = f0
i (vi, ai) + hi(vi, ai) + g(vi)ξi (2.96)

where f0
i (vi, ai) represents engine dynamics under nominal operating conditions

and hi(vi, ai) denotes the uncertain perturbation. Assuming a control law of the
form

ξi =
[
ui − f0

i (vi, ai)
]
/g(vi) (2.97)

the dynamics of the ith vehicle can now be described as

Si : ḋi = vi−1 − vi

v̇i = ai

ȧi = hi(vi, ai) + ui

(2.98)

which conforms to the general nonlinear model (2.8), with

h(x) = [0 0 h1(x) . . . 0 0 hN (x)]T (2.99)

Following the scheme shown in Fig. 2.5, we will assume that each vehicle has
its own processor, which can exchange information with a front end computer
(possibly located on a satellite). Our objective in the following will be to design
a control law of the form (2.71) that stabilizes the system for any perturbation
h(x) such that

hT (x)h(x) ≤ α2xTx (2.100)

(which is equivalent to setting H = I in Problem 2.3). In this process, α repre-
sents a robustness bound that needs to be maximized in the course of the LMI
optimization.

In our numerical experiments we considered a platoon of 50 vehicles, which is
a large-scale dynamic system with 150 state variables. It is readily verified that
this type of system can be stabilized by decentralized control (which implies that
Problem 2.3 is feasible for r = 0). With that in mind, the two-step procedure
outlined in the previous section was applied to design a control law of the form
(2.71). The matrix U was formed recursively for each value of r, using a modified
Gram–Schmidt procedure.

In order to evaluate the relative importance of the structure of the Lyapunov
function, we considered two variants of Step 2: Variant 1, where Y and L have
the form assumed in (2.91), and Variant 2, where Y = YD and L = LCU

T .
In both cases, we monitored how α increases with the rank of the correction
term. The results of our simulations are summarized in Tables 2.1 and 2.2, in
which η(Y, LC) represents the number of LMI variables in Step 2. Note that this
number is not provided for r = 0 (which corresponds to standard decentralized
control), since Step 2 is not executed in that case.
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Table 2.1 The number of LMI variables and α as a function of the correction
rank for Variant 1

Rank η(Y, LC) α
r = 0 N/A 0.11
r = 1 351 0.23
r = 2 403 0.25
r = 3 456 0.37
r = 4 510 0.40
r = 5 565 0.42
r = 6 621 0.44
r = 7 678 0.51
r = 8 736 0.55

Table 2.2 The number of LMI variables and α as a function of the correction
rank for Variant 2

Rank η(Y, LC) α
r = 0 N/A 0.09
r = 1 350 0.20
r = 2 400 0.21
r = 3 450 0.32
r = 4 500 0.34
r = 5 550 0.37
r = 6 600 0.38
r = 7 650 0.45
r = 8 700 0.48

It is readily observed from the tables that the system robustness can be
significantly enhanced with a global low-rank correction, and that the overall
computational effort increases quite moderately as r becomes larger. A com-
parison of the two tables also suggests that for this problem the increase in
robustness is primarily due to the centralized nature of the controller. Indeed,
the low-rank enhancement of the Lyapunov function improves parameter α by
no more than 20% in any given step.

2.6 Overlapping Control

In addition to the block-diagonal and BBD structures discussed in Sect. 2.2, the
gain matrix can also assume the form shown in Fig. 2.2. This type of control
law is characterized by overlapping information sets, and is appropriate in cases
when the subsystems share a certain number of state variables. Examples of such
models can be found in a wide variety of engineering disciplines, ranging from
vehicle platoon control to power systems and large space structures (Šiljak, 1978,
1991; Ikeda and Šiljak, 1986; Bakule and Rodellar, 1995; Iftar and Özgüner,
1998; Stanković et al., 1999, 2000; Li et al., 2000; Stipanović et al., 2004).
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To formally introduce the notion of overlapping, let us consider a linear
system

S : ẋ = Ax +Bu (2.101)

in which matrices A and B have the following structure

A =

⎡
⎣
A11 A12 0
A21 A22 A23

0 A32 A33

⎤
⎦ B =

⎡
⎣
B11 0
B21 B22

0 B32

⎤
⎦ (2.102)

If we assume that the state variables associated with A22 are available to both
inputs, it is natural to consider a control of the form u = Kx where

K =
[
K11 K12 0
0 K22 K23

]
. (2.103)

It is not difficult to see that (2.103) is in fact a special case of the generic gain
matrix structure shown in Fig. 2.2. In the following, we will refer to this type of
feedback law as control with overlapping information structure constraints, or
simply as overlapping control.

It is important to recognize that overlapping control need not always be
related to the matrix structure identified in (2.102). In many cases this type
of feedback can arise simply as a result of control-related information structure
constraints, without any direct connection to the form of matrix A. To illustrate
this point, let us consider a system with two inputs

ẋ = Ax+
[
B1 0
0 B2

] [
u1

u2

]
(2.104)

where A is a matrix of arbitrary structure and B = diag{B1, B2} is block-
diagonal. Let us further assume that vectors x1 and x2 are the two parts of
x that are available to inputs u1 and u2, and that x1 and x2 share a certain
subset of state variables. It is then easily verified that such a system can always
be permuted so that the new matrix B has the overlapping structure introduced
in (2.102).

In view of the above discussion, it is possible to distinguish between overlap-
ping control laws that are induced by the structure of matrix A, and those that
are dictated by the availability of state information. We should note, however,
that this distinction is essentially physical, and has no direct bearing on the
mathematical treatment of the problem. From the standpoint of design, a more
meaningful classification of overlapping control laws would be one that is based
on the structure of matrix B. The two generic scenarios that arise in this case
are schematically represented in Fig. 2.6, with Type II corresponding to the
situation when B21 = 0 and B22 = 0.

Before we proceed to develop a new method for designing overlapping con-
trol, it is useful to consider several existing results, and point out some of their
limitations. The traditional approach for designing overlapping control has been
based on the concept of expansion and the Inclusion Principle (e.g., Ikeda et al.,
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Fig. 2.6 Two generic types of overlapping control

1984; Ikeda and Šiljak, 1986; Šiljak, 1991; Iftar, 1993; Stanković and Šiljak,
2001). To describe this approach, let us consider matrices A and B with the
structure shown in (2.102). With these matrices we can associate a rectangular
ñ× n matrix V (with ñ > n)

V =

⎡
⎢⎢⎣
I1 0 0
0 I2 0
0 I2 0
0 0 I3

⎤
⎥⎥⎦ (2.105)

where I1, I2, and I3 represent identity matrices with dimensions corresponding
to A11, A22 and A33, respectively. Defining an ñ × ñ matrix Ã and an ñ ×m
matrix B̃ as

Ã =

⎡
⎢⎢⎣
A11 A12 0 0
A21 A22 0 A23

A21 0 A22 A23

0 0 A32 A33

⎤
⎥⎥⎦ (2.106)

and

B̃ =

⎡
⎢⎢⎣
B11 0
B21 B22

B21 B22

0 B32

⎤
⎥⎥⎦ (2.107)

we obtain the system
S̃ : ˙̃x = Ãx̃+ B̃u (2.108)
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which is referred to as an expansion of S. It is easily verified that Ã and B̃
satisfy

V A = ÃV, V B = B̃ (2.109)

Let us now assume that the expanded system S̃ can be stabilized with a
decentralized control law u = K̃Dx̃, where

K̃D =
[
K̃11 K̃12 0 0
0 0 K̃23 K̃24

]
(2.110)

is block-diagonal. Then, by the inclusion principle, it follows that the original
system S is stabilized by u = Kx, where

K = K̃DV =
[
K̃11 K̃12 0
0 K̃23 K̃24

]
(2.111)

represents a contracted overlapping control law. The problem of designing over-
lapping control can thus be formulated as a decentralized control problem in
the expanded space.

One of the main difficulties that arise in this context results from the fact
that the pair (Ã, B̃) is inherently uncontrollable. It can be shown that the eigen-
values of A22 represent fixed modes of the expansion S̃, so this method is not
directly applicable to cases when matrix A22 is unstable (e.g., Šiljak, 1991). We
should also note that stabilizability and contractibility tend to be conflicting
requirements for systems with Type I overlapping (Ikeda and Šiljak, 1986; Iftar,
1993). This considerably complicates the design, and usually involves some type
of trial and error procedure for modifying the gain matrix.

2.6.1 Overlapping Control Design for Linear Systems

In the case of linear systems, the design of overlapping feedback corresponds to
the following simplified LMI problem in Y and L:

Problem 2.15. Compute matrices Y and L such that

Y > 0 (2.112)

Y AT +AY +BL+ LTBT < 0 (2.113)

and [
−κL I LT

L −I

]
< 0,

[
Y I
I κY I

]
> 0 (2.114)

An obvious way to ensure that K has the desired overlapping structure
(2.103) is to require that matrices L and Y in Problem 2.15 have the form

L =
[
L11 L12 0
0 L22 L23

]
, Y =

⎡
⎣
Y11 0 0
0 Y22 0
0 0 Y33

⎤
⎦ (2.115)
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The following example illustrates the potential advantages of such an approach.

Example 2.16. Consider the linear system

ẋ =

⎡
⎣

1 4 0
1 2 2
0 −2 3

⎤
⎦ x+

⎡
⎣

1 0
1 0
0 1

⎤
⎦ u (2.116)

The open-loop system is unstable with eigenvalues λ1 = −0.166 and λ2,3 =
3.08 ± j1.59, and our objective will be to stabilize it using overlapping control.
We begin by observing that the expanded system S̃ defined by

Ã =

⎡
⎢⎢⎣

1 4 0 0
1 2 0 2
1 0 2 2
0 0 −2 3

⎤
⎥⎥⎦ ; B̃ =

⎡
⎢⎢⎣

1 0
1 0
1 0
0 1

⎤
⎥⎥⎦ (2.117)

and

V =

⎡
⎢⎢⎣

1 0 0
0 1 0
0 1 0
0 0 1

⎤
⎥⎥⎦ (2.118)

has an unstable fixed mode (since A22 = 2), so direct decentralized control
design in the expanded space is not an option. However, the LMI optimization
described in Problem 2.15 resolves this problem, producing

K =
[

−2.85 −3.59 0
0 0.65 −5.1

]
(2.119)

and closed loop eigenvalues {−1.9, −1.82 ± j1.84}.

In interpreting this result, it is important to recognize that the system in
(2.116) is an example of Type I overlapping. If we consider the same system
with

B =

⎡
⎣

1 0
0 0
0 1

⎤
⎦ (2.120)

(which corresponds to Type II overlapping), it is easily verified that Problem
2.15 becomes infeasible. This suggests that problems with Type II overlapping
are harder to solve, and require a more general design strategy.

In order to develop an approach that is suitable for both types of overlapping,
let us consider the closed-loop system SK

SK : ẋ= (A+BK)x (2.121)

and its expansion
S̃K : ˙̃x =

(
Ã+ B̃K̃D

)
x̃ (2.122)
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where V A = ÃV , V B = B̃ and K = K̃DV . Setting W̃ = Ã+B̃K̃D, it is obvious
that

W̃V = ÃV + B̃K̃DV = V A+ V BK (2.123)

If we now assume that

V T
(
W̃T P̃D + P̃DW̃

)
V < 0 (2.124)

holds for some symmetric positive-definite block-diagonal matrix P̃D whose
structure is compatible with the matrix K̃D in (2.110), it is easily verified that
(2.123) and (2.124) imply

[
(A+BK)T (V T P̃DV ) + (V T P̃DV )(A+BK)

]
< 0 (2.125)

The stability of the closed-loop system SK is therefore guaranteed whenever
(2.124) is satisfied, and ν(x) = xTV T P̃DV x represents an appropriate Lyapunov
function.

In order to formulate (2.124) in the LMI framework, we should first observe
that it can be equivalently expressed as

V T
(
ÃT P̃D + P̃DÃ+ P̃DB̃K̃D + K̃T

DB̃
T P̃D

)
V < 0 (2.126)

which is a nonlinear matrix inequality in P̃D and K̃D. To avoid this difficulty,
let us introduce a fixed ñ× n matrix G of rank n, and assume that there exists
a nonsingular n× n matrix M such that

P̃DV = GM (2.127)

Defining matrices ỸD = P̃−1
D and L̃D = K̃DỸD, (2.126) can now be equivalently

rewritten as

GT
(
ỸDÃ

T + ÃỸD + B̃L̃D + L̃T
DB̃

T
)
G < 0 (2.128)

which is an LMI in ỸD and L̃D.
Before proceeding, it is necessary to make two important observations. The

first is that (2.128) does not require that

ỸDÃ
T + ÃỸD + B̃L̃D + L̃T

DB̃
T < 0 (2.129)

As a result, the proposed approach can be used to design overlapping control
even in cases when the expanded system has unstable fixed modes. The sec-
ond observation has to do with the fact that assumption (2.127) places certain
restrictions on matrix ỸD which need to be studied more closely. In the fol-
lowing, we will focus on matrices with a single overlapping column, since this
considerably simplifies the presentation.

A matrix with a single overlap has the structure (2.102), where A11, A22

and A33 have dimensions p − 1 × p − 1, 1 × 1 and n − p × n − p, respectively.
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The corresponding matrix V will have the form (2.105) with I2 = 1, and matrix
ỸD will consist of two diagonal blocks of sizes p× p and n− p+ 1 × n− p+ 1,
respectively.

In interpreting (2.127), it will prove useful to rewrite it equivalently as

GT ỸD = NV T (2.130)

where N = M−T , and choose G as

GT =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 · · · 0 β1 0 · · · 0
...

. . .
...

...
...

. . .
...

0 · · · 1 βp 0
... 0

0 · · · 0 βp+1 1 · · · 0
...

. . .
...

...
...

. . .
...

0 · · · 0 βn 0 · · · 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2.131)

where column p+ 1 is composed of free parameters β1, . . . , βn. The structure of
matrix V implies that columns p and p + 1 of NV T must be identical, which
places a constraint on ỸD. To see this more clearly, let us first note that columns
p and p+ 1 of ỸD have the form

[
y1p . . . ypp 0 . . . 0

]T (2.132)

and [
0 . . . 0 yp+1, p+1 . . . yn+1, p+1

]T (2.133)

respectively. For the chosen matrix G, columns p and p + 1 of GT ỸD will be
equal if and only if ⎡

⎢⎣
y1p

...
ypp

⎤
⎥⎦ =

⎡
⎢⎣
β1

...
βp

⎤
⎥⎦ yp+1, p+1 (2.134)

and ⎡
⎢⎣
yp+2, p+1

...
yn+1, p+1

⎤
⎥⎦ = −

⎡
⎢⎣
βp+1

...
βn

⎤
⎥⎦ yp+1, p+1 (2.135)

In other words, for (2.130) to hold, ỸD must have the general form

ỸD = Ỹ1 + yp+1, p+1Ỹ2 (2.136)

where Ỹ1 is an unknown block-diagonal matrix

Ỹ1 =

⎡
⎢⎣
Ỹ

(1)
11 0 0
0 0 0
0 0 Ỹ

(1)
33

⎤
⎥⎦ (2.137)
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with columns p and p + 1 equal to zero, and Ỹ2 is a fixed matrix defined by
parameters β1, . . . , βn. The overlapping control problem can now be formulated
as an LMI in κY , κL, Ỹ1, yp+1, p+1, and L̃D:

Problem 2.17. Minimize a1κY + a2κL subject to

ỸD = Ỹ1 + yp+1, p+1Ỹ2 > 0 (2.138)

GT
(
ỸDÃ

T + ÃỸD + B̃DL̃D + L̃T
DB̃

T
D

)
G < 0 (2.139)

and [
−κL I L̃T

D

L̃D −I

]
< 0,

[
ỸD I
I κY I

]
> 0 (2.140)

where a1 and a2 are appropriate positive weighting factors.

Remark 2.18. It should be recognized that (2.134) and (2.135) guarantee the
existence of matrix N , but not its invertibility. Consequently, after the LMI
optimization is performed, it is necessary to compute N and verify that it is
non-singular; if this is not the case, (2.127) and (2.130) are not equivalent.
Matrix N can be easily computed as

N = GT ỸDU (2.141)

where U is a rectangular matrix such that V TU = I. In the unlikely case when
N is singular, the optimization should be repeated with a different matrix G,
which is obtained by a small perturbation of the original one.

Remark 2.19. Although parameters β1, . . . , βn can be chosen freely, this must
be done prior to the LMI procedure, since G needs to be known explicitly.
The appropriate selection of these parameters remains an open problem in the
general case. To date, an explicit algorithm for constructing matrix G has been
developed only for systems where a stabilizing decentralized control can be
obtained using LMI optimization (Zečević and Šiljak, 2004). In such cases, the
resulting overlapping control is guaranteed to improve robustness with respect
to uncertain nonlinearities.

The following example demonstrates how the proposed generalization can
resolve some of the feasibility problems associated with Type II overlapping.

Example 2.20. Let us once again consider the system

S : ẋ =

⎡
⎣

1 4 0
1 2 2
0 −2 3

⎤
⎦ x+

⎡
⎣

1 0
0 0
0 1

⎤
⎦u (2.142)

which was found to be infeasible with the method used in Example 2.16. The
expansion S̃ of S is defined by matrices
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Ã =

⎡
⎢⎢⎣

1 4 0 0
1 2 0 2
1 0 2 2
0 0 −2 3

⎤
⎥⎥⎦ , B̃ =

⎡
⎢⎢⎣

1 0
0 0
0 0
0 1

⎤
⎥⎥⎦ (2.143)

and

V =

⎡
⎢⎢⎣

1 0 0
0 1 0
0 1 0
0 0 1

⎤
⎥⎥⎦ (2.144)

which obviously satisfy (2.109). If we choose G and ỸD such that

GT =

⎡
⎣

1 0 β1 0
0 1 β2 0
0 0 β3 1

⎤
⎦ (2.145)

and

ỸD =

⎡
⎢⎢⎣
y11 y12 0 0
y12 y22 0 0
0 0 y33 y34
0 0 y34 y44

⎤
⎥⎥⎦ (2.146)

(2.130) implies that the second and third columns of GT ỸD must be identical.
This will be the case if ⎡

⎣
y12
y22
0

⎤
⎦ =

⎡
⎣

β1y33
β2y33

β3y33 + y34

⎤
⎦ . (2.147)

A simple trial and error procedure can be used to obtain parameters β1, β2

and β3 for which LMI Problem 2.17 is feasible. One such choice is β1 = −3,
β2 = 1, β3 = −0.25, which produces

ỸD =

⎡
⎢⎢⎣

274 −86.4 0 0
−86.4 28.81 0 0

0 0 28.81 7.2
0 0 7.2 3.33

⎤
⎥⎥⎦ (2.148)

and

K = K̃DV =
[

−4.06 −12.8 0
0 −3.27 −11.6

]
(2.149)

It is easily verified that the corresponding closed-loop system SK is stable, with
eigenvalues λ1 = −8.82 and λ2,3 = −0.43± j1.25. We should also note that

U =

⎡
⎢⎢⎣

1 0 0
0 1/2 0
0 1/2 0
0 0 1

⎤
⎥⎥⎦ (2.150)

satisfies V TU = I and that matrix N = GT ỸDU is nonsingular, which is con-
sistent with the requirements of the design procedure.
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2.6.2 Overlapping Control of Nonlinear Systems

The overlapping control design proposed in the previous section can be extended
to nonlinear systems of the form

S : ẋ = Ax+ h(x) +Bu (2.151)

provided that h(x) can be bounded as

hT (x)h(x) ≤ α2xTHTHx (2.152)

where α > 0 is a scalar and H is a constant matrix (Zečević and Šiljak, 2005b).
To see how this can be done, let us define matrices W̃ = Ã + B̃K̃D and Q̃ =
W̃T P̃D + P̃DW̃ , and assume that

[
V T Q̃V + τα2HTH V T P̃DV

V T P̃DV −τI

]
< 0 (2.153)

holds for some scalar τ > 0 and block-diagonal matrix P̃D > 0. According to
the S-procedure (Yakubovich, 1977), (2.153) implies that

[
x
h

]T [
V T Q̃V V T P̃DV

V T P̃DV 0

] [
x
h

]
< 0 (2.154)

whenever [
x
h

]T [ −α2HTH 0
0 I

] [
x
h

]
≤ 0 (2.155)

Recalling (2.123), (2.154) can then be rewritten as

xT
[
(A+BK)T (V T P̃DV ) + (V T P̃DV )(A+BK)

]
x+

+ 2xT (V T P̃DV )h(x) < 0
(2.156)

which means that the closed-loop system

SK : ẋ = (A+BK)x+ h(x) (2.157)

is guaranteed to be stable for all nonlinearities h(x) that satisfy (2.152).
As in the linear case, our objective will be to formulate (2.153) in the frame-

work of linear matrix inequalities. To do this, let us define ỸD = τP̃−1
D and

L̃D = K̃DỸD, and assume that P̃DV = τGM for some nonsingular matrix M.
In that case,

V T
(
W̃T P̃D + P̃DW̃

)
V =

τMTGT
(
ỸDÃ

T + ÃỸD + B̃DL̃D + L̃T
DB̃

T
D

)
GM

(2.158)

If we now define an ñ× ñ matrix H̃ such that

G
(
GTG

)−1/2
H = H̃V (2.159)
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and utilize the fact that V = τP̃−1
D GM , it is readily verified that

HTH = V T H̃T H̃V = MTGT ỸDH̃
T H̃ỸDGM (2.160)

Combining (2.158) and (2.160) we now obtain

V T
(
W̃T P̃D + P̃DW̃

)
V + τα2HTH = τMTGT ΣGM (2.161)

where

Σ = ỸDÃ
T + ÃỸD + B̃DL̃D + L̃T

DB̃
T
D + α2ỸDH̃

T H̃ỸD (2.162)

Observing further that
V T P̃DV = τV TGM (2.163)

(2.153) takes the form

τ

[
M 0
0 I

]T [
GT ΣG GTV
V TG −I

] [
M 0
0 I

]
< 0 (2.164)

or equivalently [
GT ΣG GTV
V TG −I

]
< 0, (2.165)

since τ > 0 and M is nonsingular. Recalling (2.136) and defining γ = 1/α2,
the control design can now be formulated as an LMI problem in γ, κY , κL, Ỹ1,
yp+1, p+1, and L̃D:

Problem 2.21. Minimize a1γ + a2κY + a3κL subject to

ỸD = Ỹ1 + yp+1, p+1Ỹ2 > 0 (2.166)

⎡
⎣
GTFG GTV GT ỸDH̃

T

V TG −I 0
H̃ỸDG 0 −γI

⎤
⎦ < 0 (2.167)

γ − 1/ᾱ2 < 0 (2.168)

and [
−κL I L̃T

D

L̃D −I

]
< 0;

[
ỸD I
I κY I

]
> 0 (2.169)

where F = ỸDÃ
T +ÃỸD+B̃DL̃D+L̃T

DB̃
T
D, a1, a2 and a3 are appropriate positive

weighting factors, and ᾱ represents a desired lower bound on α.

To illustrate the practical effectiveness of this method, let us once again
consider a platoon of nmoving vehicles, whose dynamics are described by (2.95).
In this case, our objective will be to maximize the robustness parameter α
using overlapping feedback control (with H = I). The overlapping structure
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Table 2.3 Robustness bounds for different overlapping states
Overlapping states Robustness bound α

di+1 0.41
vi−1 0.39
ai−1 0.38

(vi−1, di+1) 0.64
(vi−1, ai−1) 0.52
(ai−1, di+1) 0.48

Table 2.4 A comparison of control strategies
Type of control Robustness bound α
Decentralized 0.34

Overlapping with (vi−1, di+1) 0.64
Full state feedback 0.75

of the gain matrix will depend on the type of information that is exchanged
between two neighboring vehicles. One possible strategy (e.g., Ikeda and Šiljak,
1986) would be to assume that the control of the ith vehicle uses local state
variables di, vi and ai as well as di+1, which represents the distance to the
vehicle behind it. Alternatively, vehicle i could utilize states vi−1 and ai−1,
which contain information about the velocity and acceleration of the vehicle
ahead of it (Shladover, 1991; Stanković et al., 2000).

To identify the best strategy from the standpoint of robustness, we con-
sidered a number of different overlapping scenarios. Since most of these cases
correspond to Type II overlapping, feasibility was secured by constructing the
matrix G in the manner proposed in the previous section. A comparison of the
different strategies with respect to parameter α is provided in Table 2.3, indi-
cating that the best robustness bound is obtained using vi−1 and di+1 as the
overlapping states. This effectively means that the control of the ith vehicle
should be based on its own velocity and acceleration (vi, ai), the distances to
the car in front (di) and behind (di+1), and the velocity of the vehicle that is
ahead of it (vi−1).

To further evaluate the effectiveness of an overlapping control law based on
vi−1 and di+1, we compared it with standard decentralized control and full state
feedback. The results shown in Table 2.4 clearly demonstrate that the proposed
overlapping control guarantees a substantially higher level of robustness than
decentralized control. We should also note that if α = 0.75 is viewed as the
optimal robustness bound for this system, the proposed overlapping strategy
has a degree of suboptimality μ = 0.85, which is quite high (e.g., Šiljak, 1991).
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Šiljak, D. D. and A. I. Zečević (1999). Large-Scale and Decentralized Sys-
tems. In: Wiley Encyclopaedia of Electrical and Electronics Engineering,
J. G. Webster (Ed.), Wiley, New York, 209–224.
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operative avoidance control for multiagent systems. Journal of Dynamic
Systems, Measurement, and Control, 129, 699–707.

Swarnakar, A., H. J. Marquez and T. Chen (2008). A design framework for
overlapping controllers and its industrial application. Control Engineering
Practice, 17, 97–111.

Swaroop, D., J. K. Hedrick, C. C. Chien and P. A. Ioannou (1994). Comparison
of spacing and headway control laws for automatically controlled vehicles.
Vehicle System Dynamics, 23, 597–625.

Tamura, H. and T. Yoshikawa (1990). Large-Scale Systems Control and Decision
Making. Marcel Dekker, New York.

Tanino, T. and M. Tanaka (1993). Elimination of fixed modes in linear control
structures. Proceedings of the 12th IFAC World Congress, Sydney, Aus-
tralia, 163–166.

Voulgaris, P. G. (2003). Optimal control design under structural and communi-
cation constraints. In: Multidisciplinary Research in Control, L. Giarré and
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Chapter 3

Algebraic Constraints
on the Gain Matrix

Conventional decentralized state feedback and its variations need not always be
adequate control strategies for practical large-scale problems. It often happens,
for example, that certain subsystem state variables are not available for control
purposes, in which case it is necessary to apply some form of output feedback.
This type of control requires a special factorization of the gain matrix, which
can be represented as a set of algebraic constraints in the LMI optimization. It
turns out that similar constraints also arise in the context of singular systems,
as well as in problems where the gain matrix has an arbitrary structure. With
that in mind, in the following we will consider how such requirements can be
incorporated into the design strategy described in Chap. 2. In doing so, we will
devote special attention to techniques that are capable of reducing the com-
putational effort (which is a critical consideration in the context of large-scale
systems).

3.1 Static Output Feedback

The design of static output feedback is one of the central problems in control
theory (Bernstein, 1992; Blondel et al., 1995; Gu, 1990; Iwasaki and Skelton,
1995; Syrmos et al., 1997; Trofino-Neto and Kucera, 1993). Despite consider-
able efforts over the past few decades, an analytic solution has yet to be found
for the multivariable case. There are, of course, a number of numerical tech-
niques that were developed specifically for this type of problem, including a
variety of iterative schemes (Iwasaki et al., 1994; Grigoriadis and Skelton, 1996;
Rautert and Sachs, 1997), trust region methods (Leibfritz and Mostafa, 2003)
and semi-definite programming algorithms (Vandenberghe and Boyd, 1996). It
should be noted, however, that all of these methods are primarily concerned
with linear time-invariant systems, and devote little attention to nonlinearities
and issues related to large-scale problems (such as computational complexity
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and information structure constraints). With that in mind, in this section we
will focus on nonlinear systems of the form

ẋ = Ax+ h(x) +Bu

y = Cx
(3.1)

and consider how they can be robustly stabilized using static output feedback.
Given system (3.1) in which h(x) is allowed to be uncertain, our objective

in the following will be to determine a control law

u = K̄y (3.2)

that results in a closed-loop system

ẋ = (A+BK̄C)x+ h(x) (3.3)

which is stable for all nonlinearities that conform to

hT (x)h(x) ≤ α2xTHTHx (3.4)

From an LMI perspective, this task amounts to modifying Problem 2.3 in a way
that allows us to factorize the product LY −1 as

LY −1 = K̄C. (3.5)

The following lemma provides a natural framework for incorporating this con-
straint into the optimization.

Lemma 3.1. Let us assume that Problem 2.3 is feasible with matrices Y and
L of the form

Y = ρY0 +QYQQ
T

L = LCU
T

(3.6)

where ρ, YQ and LC are LMI variables (ρ > 0 plays the role of a scalar relaxation
parameter). Suppose further that Y0, Q and U are constant matrices that satisfy

U = Y0C
T (3.7)

and
QTCT = 0. (3.8)

Then, the feedback law
u = K̄Cx (3.9)

with K̄ = ρ−1LC stabilizes system (3.1) for all nonlinearities that conform to
bound (3.4).
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Proof. Conditions (3.6)–(3.8) ensure that

Y CT = ρY0C
T +QYQQ

TCT = ρU (3.10)

and therefore
UTY −1 = ρ−1C (3.11)

as well. Since Problem 2.3 is assumed to be feasible under these circumstances,
it will produce a gain matrix of the form

K = LY −1 = LCU
TY −1 = K̄C (3.12)

with K̄ = ρ−1LC . Such a feedback law maximizes the robustness parameter α,
and guarantees that the system is stable for all nonlinearities that satisfy bound
(3.4). �

The following corollary further simplifies the optimization, and allows us to
replace (2.37) with a single inequality.

Corollary 3.2. Let μ > 0 be a given positive number. Then, inequality
[

−ρμ I LT
C

LC −ρμI

]
< 0 (3.13)

ensures that
∥∥K̄∥∥ < μ.

Proof. Let us first observe that matrix

M =
[
I (1/ρμ)LT

C

0 I

]
(3.14)

is nonsingular by construction. If (3.13) is multiplied on the left by MT and on
the right by M , we obtain

[
−ρμ I 0

0 (1/ρμ)LCL
T
C − ρμ I

]
< 0 (3.15)

which is equivalent to
LCL

T
C < ρ2μ2I (3.16)

(since ρ > 0). Recalling that
∥∥K̄∥∥

2
=
∥∥ρ−1LC

∥∥
2
, we directly obtain

∥∥K̄∥∥
2
<

μ. �
Although Lemma 3.1 places no explicit constraints on the properties of ma-

trix Y0, in practice it is important to select it in a way that is consistent with
(2.34) and (2.35). Without such a preconditioning the LMI optimization de-
scribed in the previous section could easily become infeasible, since variables
ρ, YQ and LC cannot always offset a poor choice of Y0. When A is a stable
matrix the problem can be resolved rather easily, since Y0 can be computed as
the unique solution of the Lyapunov equation
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AY0 + Y0A
T = −I (3.17)

To see why such a choice is appropriate, it suffices to recall that Y0 appears in
(2.34) and (2.35) (since it is an additive component of matrix Y ). The fact that
Y0 satisfies (3.17) and is positive definite is clearly conducive to the feasibility
of Problem 2.3.

The identification of an appropriate Y0 becomes somewhat more complicated
when A is an unstable matrix. The simplest way to resolve this problem would
be to determine Y0 as the solution of Lyapunov equation

(A− βI)Y0 + Y T
0 (A− βI)T = −I (3.18)

where β is chosen so that matrix A − βI is stable. The following example il-
lustrates the effectiveness of such a strategy (other possible preconditioning
techniques will be examined in the following section).

Example 3.3. Let us consider a system of the form (3.1) where

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

−2.5 1 −0.5 0 −1 −0.5
−1.5 −2 2 −1 1 1

0 0.5 −2 0.5 1 1
0.5 0 0 −3 −1.5 1
−1 0 1 1 −3 1.5
1 1 0 1.5 0.5 −1.5

⎤
⎥⎥⎥⎥⎥⎥⎦

B =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0
1 0
1 0
0 1
0 1
0 1

⎤
⎥⎥⎥⎥⎥⎥⎦

C =
[

0 0 1 0 0 0
0 0 1 0 0 1

]

(3.19)

and h(x) represents an uncertain nonlinearity which conforms to the bound

hT (x)h(x) ≤ α2xTx (3.20)

It is easily verified that this system is unstable, and that matrix

Q =

⎡
⎢⎢⎢⎢⎢⎢⎣

0.9501 0.8913 0.8214 0.9218
0.2311 0.7621 0.4447 0.7382

0 0 0 0
0.6068 0.4565 0.6154 0.1763
0.4860 0.0185 0.7919 0.4057

0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

(3.21)

satisfies (3.8).
Our objective in the following will be to determine a static output feedback

law that maximizes the robustness bound α while ensuring that the norm of the
gain matrix does not exceed 1.5. Given that A is unstable, our first step will be
to solve the modified Lyapunov equation (3.18). Setting β = 1, we obtain
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Y0 =

⎡
⎢⎢⎢⎢⎢⎢⎣

0.1502 −0.0471 −0.0319 0.0117 −0.0503 −0.0133
−0.0471 0.5665 0.3061 −0.0279 0.2212 0.2677
−0.0319 0.3061 0.3377 0.0031 0.1679 0.1906
0.0117 −0.0279 0.0031 0.1389 −0.0027 0.0457
−0.0503 0.2212 0.1679 −0.0027 0.2412 0.1663
−0.0133 0.2677 0.1906 0.0457 0.1663 0.3625

⎤
⎥⎥⎥⎥⎥⎥⎦

(3.22)
and

U = Y0C
T =

⎡
⎢⎢⎢⎢⎢⎢⎣

−0.0319 −0.0451
0.3061 0.5738
0.3377 0.5283
0.0031 0.0488
0.1679 0.3341
0.1906 0.5531

⎤
⎥⎥⎥⎥⎥⎥⎦
, (3.23)

respectively. Optimization Problem 2.3 is feasible with the matrices Y0, Q and
U computed above, and produces

K̄ = ρ−1LC =
[

−0.7861 −0.5008
0.4973 −0.7857

]
(3.24)

YQ =

⎡
⎢⎢⎣

16.34 −10.01 −10.53 6.60
−10.01 13.34 8.10 −13.92
−10.53 8.10 7.80 −7.23
6.60 −13.92 −7.23 17.13

⎤
⎥⎥⎦ (3.25)

and α = 0.681.
The fact that the norm of the obtained gain matrix is ||K̄|| = 0.93 suggests

that we might be able to improve the value of α by repeating this procedure
using matrix AK = A+BK̄C as a starting point. In doing so, we should keep in
mind that all subsequent iterations require the solution of Lyapunov equation
(3.17), since the system has now been stabilized. In this case, it turns out that
two additional iterations are possible before the preassigned bound for K̄ is
reached. The final gain matrix is found to be

K̄ = ρ−1LC =
[

−0.6882 −1.0014
0.0213 −0.9678

]
(3.26)

which corresponds to α = 1.1 (note that this is a considerable improvement over
the initial bound α = 0.681).

One of the principal advantages of the method described above stems from
the fact that it places no limitations on the structure of matrix K̄. To put this
result in the proper perspective, we should first recall that the LMI procedure
in Problem 2.3 allows us to assign an arbitrary nonzero pattern to matrix L.
However, this pattern is usually not preserved in the gain matrix, given that it is
computed as K = LY −1. The exception, of course, is the case when Y is chosen
to be a diagonal matrix, but this tends to be a restrictive requirement which
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often leads to infeasibility. In view of that, it is fair to say that optimization
Problem 2.3 can realistically produce only certain special structures for K, such
as block-diagonal or bordered block-diagonal (BBD). The design strategy as-
sociated with Lemma 3.1 removes this restriction, since K̄ and LC now have
identical nonzero patterns (note that ρ does not affect the matrix structure,
since it is a scalar parameter). In the following section, we will consider how
this property can be exploited to design feedback laws with arbitrary informa-
tion structure constraints (Zečević and Šiljak, 2008).

3.2 Arbitrary Information Structure
Constraints

Gain matrices with arbitrary nonzero patterns have not received much attention
in the literature (Konstantinov et al., 1977; Wenk and Knapp, 1980; Sezer and
Šiljak, 1981; Šiljak, 1991, are the only pertinent references that we could find on
this topic). This is not entirely unexpected, given the generality of the problem
and the related mathematical complications. We should point out, however, that
irregular control structures have become increasingly relevant in recent years,
due to the emergence of wireless networks and the commercial availability of
communication satellites. These and other developments have expanded the
possibilities for information exchange in the system, and have provided the de-
signer with a great deal of additional flexibility. The potential benefits promise
to be significant, and control schemes based on these technological advances
are already being explored in a variety of engineering disciplines. A typical
example of this trend is the ongoing research in electric power systems, which
attempts to utilize remote information for improving the overall system perfor-
mance (Kamwa et al., 2001; Karlsson et al., 2004).

In analyzing applications of this type, we should keep in mind that most
practical systems permit only a limited range of communication patterns. Such
restrictions are often the result of physical factors (such as large distances be-
tween certain subsystems), although economic and security considerations can
play an important role as well. The problem of incorporating these structural
constraints into control design has received considerable attention in recent lit-
erature (e.g., Hristu and Morgansen, 1999; Walsh et al., 2001; Narendra et al.,
2006). There has also been a concerted effort to understand how communication
delays, noise and limited channel capacity impact the stability of the closed-loop
system (for more details on this aspect of the problem, see Elia and Mitter, 2001
or Lieberzon and Hespanha, 2005).

In the following we will assume that the communication channels are ideal,
and will focus exclusively on structural constraints that limit the flow of infor-
mation in the system. Our primary objective in this context will be to propose
an algorithm for designing robust control laws that are subject to preassigned
nonzero patterns in the gain matrix (these patterns can be highly irregular in
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general). We begin by observing that matrix K can always be represented in
the form

K = K0C (3.27)

where K0 contains all the nonzero columns of K, and C consists of the corre-
sponding rows of the identity matrix. This allows us to formulate the design as a
static output feedback problem, which can be solved by combining Problem 2.3
and Lemma 3.1. The desired gain matrix can then be computed asK0 = ρ−1LC ,
where LC is an LMI variable whose nonzero structure can be chosen arbitrarily.

In applying this approach, we should note that matrix C in (3.27) has di-
mension p × n, where p denotes the number of nonzero columns in K. As a
result, any matrix Q that satisfies (3.8) must have rank ≤ n− p. If n = p (i.e.,
if all the columns of K contain nonzero elements), the term QYQQ

T in (3.6)
will obviously vanish, which can adversely affect the feasibility of the LMI opti-
mization. In order to circumvent this problem, we can always partition matrix
K as

K = K1C1 +K2C2 (3.28)

where K1 and K2 represent disjoint subsets of columns of K, respectively, while
C1 and C2 represent the appropriate rows of the identity matrix. Under such
circumstances, the corresponding matrices Q1 and Q2 that satisfy (3.8) can be
guaranteed to have rank no lower (n + 1)/2. It is important to recognize that
an adjustment of this type requires a procedure in which Problem 2.3 is solved
twice. In the first pass, we use matrix A in (2.35) and assume that the gain has
the form K = K1C1. The algorithm is then repeated with AK = A + BK1C1,
in which case the gain matrix is assumed to be of the form K = K2C2.

3.2.1 Preconditioning and Related Issues

As noted earlier, the feasibility of the LMI optimization problem depends to a
large extent on the choice of matrix Y0 in (3.6). When A is a stable matrix,
we found that it is convenient to compute Y0 as the unique solution of the
Lyapunov equation (3.17). It is not entirely clear, however, how to proceed
when A is unstable. The simple heuristic strategy associated with (3.18) is often
effective, but is not guaranteed to produce the desired results in all cases. When
problems of this type arise, it becomes necessary to consider alternative ways
for computing an appropriate Y0.

One possible approach would be to precondition the optimization by comput-
ing a gain matrix K that stabilizes A while preserving a given nonzero pattern.
Once such a matrix is obtained, Problem 2.3 can be solved using AK = A+BK
instead of A, and Y0 can be determined as the solution of the modified Lyapunov
equation

AKY0 + Y0A
T
K = −I (3.29)

In the following, we will develop this idea, and identify several generic scenarios
where such a preconditioning can be successfully performed.
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Case 1. The simplest way to deal with the instability of A is based on the
following lemma.

Lemma 3.4. Let Â = A− βI be a stable matrix, and let Y0 be the solution of
Lyapunov equation

(A− βI)Y0 + Y T
0 (A− βI)T = −I (3.30)

Suppose also that the conditions of Lemma 3.1 are satisfied when A is replaced
by Â and H is set to equal the identity matrix. If Problem 2.3 produces a
gain matrix K and an α that satisfies α > β, the resulting closed-loop matrix
AK = A + BK is guaranteed to be stable. Furthermore, K can be chosen to
conform to an arbitrary nonzero pattern.

Proof. Since the conditions of Lemma 3.1 are satisfied when A is replaced by Â
and H = I, it follows that the closed-loop system

SK : ẋ = (Â+BK)x+ h(x) (3.31)

will be stable for all nonlinearities that satisfy

hT (x)h(x) ≤ α2xTx. (3.32)

Recalling that α > β by assumption, (3.32) must hold for h(x) = βx as well.
In this particular case, we have Âx + h(x) = Ax, which implies that AK =
A+BK must be a stable matrix. Lemma 3.1 also ensures that K has the form
K = ρ−1LCC, which can accommodate an arbitrary nonzero pattern. �

Remark 3.5. Since the matrix Y0 in (3.29) depends on AK , it is advisable to
iteratively solve Problem 2.3, using A(i)

K = A+BKi to obtainKi+1 (i = 1, 2, . . .).
By doing so, it is possible to successively increase the value of the robustness
bound α. In principle, the iterations can continue until a specified upper bound
for ‖K‖ is reached.

Case 2. If the above strategy fails, it is necessary to consider more elaborate
ways for preconditioning matrix A. One obvious possibility corresponds to the
case when the system is input decentralized (e.g., Šiljak, 1991), and the gain
matrix has a structure of the form

K = KD +KC (3.33)

where KD = diag{K11, . . . ,KNN} consists of full diagonal blocks, and KC has
an arbitrary nonzero pattern. This type of situation arises in the context of
interconnected subsystems which can exchange limited amounts of information
through a fixed set of communication channels. The basic idea in this case would
be to design two levels of control, the first of which uses local measurements
and a decentralized feedback law u = KDx to stabilize matrix A (an LMI-based
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procedure for this type of design was described in Sect. 2.2). The second level of
control (which corresponds to KC) would then enhance the system performance
by exploiting the additional information that is exchanged between designated
subsystems. The pattern of this exchange can be arbitrary, and is determined
by the available communication channels. The gain matrix KC can be directly
obtained by replacing matrix A in Problem 2.3 with AK = A+BDKD.

Case 3. The most general scenario corresponds to the case when matrix BD

consists of diagonal blocks of dimension ni×1 (i = 1, 2, . . . , N), andK is allowed
to have an arbitrary nonzero pattern. Given the structure of BD, it is natural
to decompose K in the form (3.33), where KD = diag{K11, . . . ,KNN} consists
of diagonal blocks of K whose dimensions are 1 × ni (i = 1, 2, . . . , N), while
KC represents the remainder of the matrix. We can then utilize KD to stabilize
matrix A, and compute KC by solving Problem 2.3 with AK = A+BDKD.

Since the blocks Kii of matrix KD have arbitrary nonzero patterns, it is
necessary to develop a systematic procedure for computing such a matrix. We
begin by observing that a matrix KD with blocks of dimension 1×ni can always
be factorized as

KD = K̂DCD (3.34)

In this factorization, K̂D = diag{K̂11, . . . , K̂NN} represents a matrix composed
of N full diagonal blocks, and CD is formed from a subset of rows of the identity
matrix.

The factorization in (3.34) allows us to treat the computation of KD as
a decentralized static output feedback problem, in which CD plays the role
of the output matrix. In view of that, we now proceed to describe an LMI-
based procedure that can produce such a control law (the algorithm that fol-
lows represents a refinement of the method proposed in Zečević and Šiljak,
2004).

Since our immediate objective is to stabilize matrix A, we can temporar-
ily disregard the nonlinear term h(x). This adjustment leads to the following
simplified LMI problem:

Problem 3.4. Minimize a1κY + a2κL subject to

YD > 0 (3.35)

AYD + YDA
T +BDLD + LT

DBD < 0 (3.36)

and [
−κL I LT

D

LD −I

]
< 0;

[
YD I
I κY I

]
> 0 (3.37)

Since the gain matrix KD = LDY
−1
D must satisfy arbitrary structural con-

straints, matrices LD and YD in Problem 3.4 should be computed in accordance
with the following lemma.
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Lemma 3.5. Let us assume that Problem 3.4 is feasible with matrices YD and
LD of the form

YD = Y1 + Y2

LD = LD
0 U

T
D

(3.38)

where the components of YD are given as

Y1 = ρY D
0 +QDY

D
Q QT

D

Y2 = UDY
D
C UT

D

(3.39)

LMI variables LD
0 , Y D

C , and Y D
Q are assumed to be block-diagonal matrices, as

are the constant terms Y D
0 , QD and UD. If conditions

UD = Y D
0 CT

D (3.40)

and
QT

DC
T
D = 0 (3.41)

are satisfied, Problem 3.4 will produce a gain matrix of the form (3.34), and the
closed-loop matrix AK = A+BDK̂DCD is guaranteed to be stable.

Proof. The Sherman–Morrison lemma allows us to express Y −1
D as

Y −1
D = (Y1 + Y2)−1 = (I − SDRDU

T
D)Y −1

1 (3.42)

The matrices SD and RD in (3.42) are given as

SD = Y −1
1 UDY

D
C (3.43)

and
RD =

[
I + UT

DSD

]−1
(3.44)

respectively. Since
Y −1

1 UD = ρ−1CT
D (3.45)

by virtue of (3.40) and (3.41), it is easily verified that both of these matrices
are block-diagonal.

Observing further that

LDY
−1
D = LD

0 (I − UT
DSDRD)UT

DY
−1
1 (3.46)

and recalling (3.45), it follows that Problem 3.4 produces a block-diagonal gain
matrix

KD = LDY
−1
D = K̂DCD (3.47)

where
K̂D = ρ−1LD

0 (I − UT
DSDRD) (3.48)

Such a law clearly conforms to the factorization given in (3.34). �
It is important to recognize that in this case Y D

0 cannot be chosen as the
solution of a Lyapunov equation, since matrix A is not block-diagonal in general.
With that in mind, we propose to compute it by solving the following simple
LMI problem in ξ and Y D

0 (in which β is chosen so that Â = A− βI is stable).
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Problem 3.6. Minimize ξ subject to

Y D
0 > 0 (3.49)

ÂY D
0 + Y D

0 ÂT < −I (3.50)

and [
−ξ I Y D

0

Y D
0 −I

]
< 0 (3.51)

Matrix Y D
0 must be block-diagonal, with block sizes that are compatible with

the block structure of KD.

The motivation for the conditions set out in Problem 3.6 follows directly
from (3.36). Namely, if Y D

0 is assumed to be a component of matrix YD, then
the left-hand side of this inequality will contain the term AY D

0 + Y D
0 AT , which

satisfies
AY D

0 + Y D
0 AT < −I + 2βY D

0 (3.52)

by virtue of (3.50). Inequality (3.51) ensures that
∥∥Y D

0

∥∥ is minimized, which is
conducive to the feasibility of the LMI optimization associated with Problem 3.4.

Remark 3.7. Note that (3.36) involves only matrix A, and that Â = A − βI
plays an auxiliary role (it is used exclusively for the computation of an appro-
priate Y D

0 ). As a result, when Problem 2.3 is solved using AK = A+BDKD, it
is not necessary to require α > β. In that respect, Case 3 fundamentally differs
from Case 1.

The following example illustrates the effectiveness of this design procedure.

Example 3.8. Let us consider a system of the form (2.8) where

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

−1.75 1.50 0 0 0 0
0.25 −0.25 0.50 0.50 −0.25 0.50
1.00 1.50 −2.75 0 0 0
0 0 0 −0.75 −2.00 0

0.50 0.50 −0.25 −0.25 −2.75 −1.00
0 0 0 3.00 −3.00 −3.75

⎤
⎥⎥⎥⎥⎥⎥⎦

(3.53)

B =
[

0 0 1 0 0 0
0 0 0 0 0 1

]T

(3.54)

and h(x) represents an uncertain nonlinearity that conforms to bound (3.4) with
H = I. Matrix A has a pair of unstable eigenvalues λ1,2 = 0.268 ± j0.577, and
our objective in the following will be to design a robustly stabilizing control
law which is subject to arbitrary information structure constraints. The specific
nonzero pattern for the gain matrix was chosen to be

K =
[

0 ∗ 0 0 0 ∗
0 ∗ ∗ ∗ ∗ 0

]
(3.55)

It should be noted that there is nothing special about this choice (in fact, we
tested a number of other structures with similar results).
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We begin by observing that K can be partition in the manner described in
(3.33), with

KD =
[

0 ∗ 0 0 0 0
0 0 0 ∗ ∗ 0

]
(3.56)

and

KC =
[

0 0 0 0 0 ∗
0 ∗ ∗ 0 0 0

]
(3.57)

These components can now be computed separately, using the following
procedures.

The Design of KD

STEP 1. Since A is unstable, it is necessary to use matrix Â = A − βI in
(3.50). Setting β = 1.5, the corresponding Y D

0 was found to be

Y D
0 =

⎡
⎢⎢⎢⎢⎢⎢⎣

0.31 0.10 0.07 0 0 0
0.10 0.48 0.13 0 0 0
0.07 0.13 0.25 0 0 0
0 0 0 0.47 0.05 0.16
0 0 0 0.05 0.27 −0.16
0 0 0 0.16 −0.16 0.37

⎤
⎥⎥⎥⎥⎥⎥⎦

(3.58)

STEP 2. Matrix KD can be factorized in the form (3.34), with

K̂D =
[

∗ 0 0
0 ∗ ∗

]
(3.59)

and

CD =

⎡
⎣

0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0

⎤
⎦ (3.60)

Given this factorization, the LMI procedure associated with Lemma 3.5 pro-
duces a stabilizing matrix

KD =
[

0 −4.73 0 0 0 0
0 0 0 −4.62 3.65 0

]
(3.61)

The closed-loop eigenvalues in this case are: {−0.77 ± j0.48, −2.19 ± j0.68,
−2.06, −4.03}, which allows us to use matrix AK = A+BDKD for computing
KC .
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The Design of KC

Matrix KC can be factorized in the manner indicated in (3.27), with

K0 =
[

0 0 ∗
∗ ∗ 0

]
(3.62)

and

C =

⎡
⎣

0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 1

⎤
⎦ (3.63)

Since AK = A+BDKD is stable, we can compute an appropriate matrix Y0 by
solving Lyapunov equation (3.29). Problem 2.3 (in which A is replaced by AK)
then produces

KC =
[

0 0 0 0 0 0.50
0 −1.22 −1.35 0 0 0

]
(3.64)

and α = 0.2791.

Case 4. The design strategies associated with Cases 2 and 3 implicitly assume
that matrix A can be stabilized by some form of decentralized feedback. It is
well known, however, that this assumption is not valid for systems with unstable
modes that are structurally fixed with respect to decentralized control (see e.g.,
Sezer and Šiljak, 1981; Šiljak, 1991). With that in mind, we now consider a class
of control laws where this type of difficulty can be resolved.

We will begin by assuming that the gain matrix K has at least one full
column (i.e. a column that contains no zero elements). In the following, we will
refer to states that correspond to such columns as “shared” states. Following
(3.33) and (3.34), we can always decompose matrices of this type as

K = K̂DCD +WC̄D +KC (3.65)

where C̄D consists of the rows of CD that are associated with shared states,
and W is a full matrix of appropriate dimensions (as before, we will use KC

to denote the remaining part of the gain matrix). Since A is assumed to have
one or more decentralized fixed modes, we now propose to precondition the
optimization using a gain matrix of the form K1 = K̂DCD + WC̄D. The first
term in this expression represents the diagonal blocks of K, while the second
one corresponds to its “full” columns. Such a law is obviously not decentralized,
and therefore has the potential to stabilize matrix A. Sufficient conditions for
the feasibility of this procedure are provided by the following lemma.

Lemma 3.8. Suppose that Problem 3.4 is feasible with matrices Y and L of
the form

Y = Y1 + Y2

LD = LD
0 U

T
D

(3.66)
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where the components of Y are given as

Y1 = ρY D
0 +QDY

D
Q QT

D

Y2 = FDYCF
T
D

(3.67)

Matrices Y D
0 , UD, QD and FD are assumed to be constant and block-diagonal,

while ρ, LD
0 , Y D

Q , and YC represent LMI variables. If conditions

UD = Y D
0 CT

D (3.68)

FD = Y D
0 C̄T

D (3.69)

and
QT

DC
T
D = 0 (3.70)

are satisfied, matrix A can be stabilized by a feedback law of the form

K1 = K̂DCD +WC̄D. (3.71)

Proof. We begin by observing that in this case YC is assumed to be a full matrix,
which means that Y will not be block-diagonal. Using (3.67) and the Sherman–
Morrison lemma, we can express Y −1 as

Y −1 = (Y1 + Y2)−1 = (I − SRFT
D)Y −1

1 (3.72)

where matrices S and R are given as

S = Y −1
1 FDYC (3.73)

and
R =

[
I + FT

DS
]−1

(3.74)

respectively (note that both of these matrices are full). The gain matrix pro-
duced by Problem 3.4 then becomes

LY −1 = LD
0 U

T
DY

−1
1 − LD

0 U
T
DSRF

T
DY

−1
1 (3.75)

Observing that (3.68)–(3.70) imply

UT
DY

−1
1 = ρ−1CD (3.76)

and
FT

DY
−1
1 = ρ−1C̄T

D (3.77)

we can directly rewrite (3.75) as

LY −1 = K̂DCD +WC̄D (3.78)

where
K̂D = ρ−1LD

0 (3.79)
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and
W = −ρ−1LD

0 U
T
DSR (3.80)

The structure of LD
0 ensures that K̂D is a block-diagonal matrix, while the term

WC̄D corresponds to the “full” columns of K. �
Lemma 3.8 provides us with a systematic way for preconditioning the LMI

optimization for a class of problems with decentralized fixed modes. Note that
an appropriate choice for matrix Y D

0 can be obtained by solving optimization
Problem 3.6 (the procedure is the same as in Case 3). OnceK1 = K̂DCD+WC̄D

is computed, we can determine matrix KC by solving a variant of Problem 2.3
in which A is replaced by AK = A+BDK1.

3.3 Methods for Reducing Computational

Complexity

The structure of matrix Y proposed in (3.6) is potentially suitable for large-
scale applications, since it allows for a significant reduction in the number of
LMI variables. In order to fully exploit this possibility, we should first observe
that the standard procedure for computing matrix Y0 is not very practical for
large systems, since it entails the solution of a Lyapunov equation (either (3.17)
or (3.18), depending on the stability properties of matrix A). A computationally
attractive alternative would be to look for an approximate solution Y (r)

0 of rank
r � n, which can be obtained using Krylov space techniques (see e.g., Hu
and Reichel, 1992; Jaimoukha and Kasenally, 1994; Zečević and Šiljak, 2003;
Antoulas, 2005). The problem with this approach is that condition

Y = ρY
(r)
0 +QYQQ

T > 0 (3.81)

can be difficult to satisfy, since both Y (r)
0 and QYQQ

T are low-rank matrices by
construction.

To see how this issue can be resolved, let us assume that Qm is an n × n
matrix such that

QT
mC

T = 0 (3.82)

(note that if the output matrix C has dimension p× n, the rank of Qm cannot
exceed n− p). We now propose to look for matrix Y in the modified form

Y = ρY
(r)
0 +QmYDQ

T
m +QYQQ

T (3.83)

where YD represents an unknown diagonal (or block-diagonal) matrix of dimen-
sion n × n and Q consists of q columns of matrix Qm. As a general rule, it is
useful to require that r > p, since the three terms in (3.83) have ranks r, n− p
and q, respectively. A matrix Y constructed in this manner can then be made
positive definite with a relatively small q (which clearly minimizes the number
of LMI variables associated with YQ).



80 CHAPTER 3. ALGEBRAIC CONSTRAINTS ON THE GAIN MATRIX

Setting
U = Y

(r)
0 CT (3.84)

and observing that
QTCT = 0 (3.85)

by virtue of (3.82), it is easily verified that

Y CT = ρU (3.86)

for any choice of q. In this way, we can still guarantee that

K = LY −1 = LCU
TY −1 = ρ−1LCC (3.87)

while reducing the overall number of LMI variables to

η(Y, L) = n+ q(q + 1)/2 + ξ(LC) (3.88)

where ξ(LC) represents the number of nonzeros in matrix LC .
For large-scale systems that have an epsilon decomposition

A = AD + εAC (3.89)

we can use a somewhat different approach, which is based on the recognition
that AD = diag{A11, . . . , ANN} is a block-diagonal matrix. In this case, we can
design preliminary decentralized control laws ui = Kixi so that all closed-loop
matrices

Âii = Aii +BiKi (i = 1, 2, . . . , N) (3.90)

are stable. For each Âii the corresponding Lyapunov equation

ÂiiYii + YiiÂ
T
ii = −I (3.91)

will then have a unique symmetric positive-definite solution Y 0
ii , and matrix

Y0 can be formed as Y0 = diag{Y 0
11, . . . , Y

0
NN}. Since Y0 is guaranteed to be

positive-definite, the term QmYDQ
T
m is not essential, and can potentially be

eliminated. In cases when such a modification is appropriate, matrix Y takes
the form

Y = ρY0 +QYQQ
T (3.92)

and the number of LMI variables reduces to

η(Y, L) = q(q + 1)/2 + ξ(LC) (3.93)

In evaluating the computational effort associated with the term ξ(LC), it
is important to bear in mind that matrix LC can have an arbitrary nonzero
pattern in general. When that is the case, it is difficult to see how the number
of LMI variables can be reduced any further. There are, however, two important
scenarios where such a simplification is actually possible. To see how this can
be done, let us assume that LC has a BBD structure with diagonal blocks of
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dimensions mi× qi (i = 1, 2, . . . , N). Recalling that LC is a matrix of dimension
m× p (where p corresponds to the number of rows in C), the overall number of
LMI variables associated with LC can be expressed as

ξ(LC) =
N−1∑
i=1

mi(qi + qN ) + pmN (3.94)

Given the special structure of this matrix, we can look for a “truncated” solution
in the form LC = L̃DF , where L̃D is an unknown matrix that consists of mi×ri
diagonal blocks, and F is a fixed matrix with a BBD structure (block Fik of F
is assumed to have dimension ri × qk). Since the numbers ri (i = 1, 2, . . . , N)
are user defined parameters, the value of ξ(LC) can thus be reduced to

ξ(LC) =
N∑

i=1

miri (3.95)

It is not difficult to see that the same procedure can be applied in the decen-
tralized case as well, the only difference being that matrix F would then be
block-diagonal.

Remark 3.9. When implementing the approach described above, it is impor-
tant to keep in mind that an excessive reduction in the number of LMI variables
can adversely affect the feasibility of the optimization. As a result, it may be
necessary to iteratively increase the dimensions of matrices YQ and/or L̃C until
a solution is obtained.

3.3.1 Application to Large Flexible Structures

In order to evaluate how the proposed low rank approximations affect the com-
putational complexity of the control design, let us consider a large-scale mechan-
ical system which consists of a two-dimensional array of elastically connected
masses (the ith mass is shown in Fig. 3.1, with all its interconnections).

For each mass the horizontal and vertical dynamics can be decoupled, so
it is sufficient to consider only movement along the x-axis. The corresponding
equations of motion for the ith mass are

Δẋi = vxi

Miv̇xi = −ρivxi − μiΔxi +
∑
j �=i

μijΔxj
(3.96)

where Δxi represents the horizontal displacement, ρi is the damping, μij corre-
sponds to the elastic force acting between masses i and j, and μi =

∑
j �=i

μij .

In the following, we will consider the 5×11 array shown in Fig. 3.2, in which
the input locations have been indicated in black (the inputs are numbered u1

through u14, from left to right). We will assume that 20% of the masses have
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Mi-1

Mi-n

Mi + n

Mi Mi+1

Fig. 3.1 The i-th mass and its interconnections

Fig. 3.2 A schematic representation of the 5×11 grid (the black squares indicate
input locations)

no damping, and our objective will be to ensure that the real part of each
closed-loop mode is less than −0.03.

The sparse 110 × 110 matrix A associated with this system is shown in
Fig. 3.3, and its BBD decomposition is provided in Fig. 3.4. The structure of
the decomposed system suggests three levels of control. With that in mind, we
will partition the state vector as

[
xT

1 xT
2 . . . xT

7

]T (in accordance with the blocks
of ABBD), and utilize seven processors connected in a tree-type architecture.
The outputs, inputs and communication tasks associated with each processor
are shown in Table 3.1, and the overall communication scheme is provided in
Fig. 3.5.

In order for the proposed design to be practical, it is necessary to ensure
that the number of LMI variables associated with Y and LC is not excessively
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Fig. 3.3 The nonzero structure of the system matrix

large. As shown in (3.83) and (3.95), this can be accomplished by assuming that
Y has the form

Y = ρY
(r)
0 +QmYDQ

T
m +QYQQ

TY (3.97)

and that LC = L̃DF , where L̃D consists of mi × ri diagonal blocks and F is a
fixed BBD matrix with blocks Fik of dimension ri×qk. Under these assumptions,
the overall number of LMI variables becomes

η(Y, L) = n+ q(q + 1)/2 +
N∑

i=1

miri (3.98)

In our example, it turned out that a feasible solution can be obtained with a
matrix YQ of dimension 15 × 15 and a matrix L̃D composed of 2 × 6 diagonal
blocks. Such a choice reduces the number of LMI variables to η(Y, L) = 204.

To evaluate the scalability of the proposed method, we also considered a
number of additional grids, the largest being of dimension 7×31. In this partic-
ular case, the matrix size was 434×434, and 125 inputs were assumed. The input-
constrained BBD decomposition produced five levels of nesting, which allows for
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Fig. 3.4 The system matrix after an input-constrained BBD decomposition

Table 3.1 Outputs, inputs and communication tasks
Processor Outputs Inputs Communication tasks

P1 ξ1 = [y1 y2]T u1, u2 σ13

P2 ξ2 = [y5 y6]T u5, u6 σ23

P3 ξ3 = [y3 y4]T u3, u4 σ31, σ32, σ37

P4 ξ4 = [y9 y10]T u9, u10 σ46

P5 ξ5 = [y13 y14]T u13, u14 σ56

P6 ξ6 = [y11 y12]T u11, u12 σ64, σ65, σ67

P7 ξ7 = [y7 y8]T u7, u8 σ73, σ76

the use of up to 31 processors. The LMI optimization was found to be feasible
with 448 variables, which is roughly two times more than for the 5× 11 grid. In
interpreting this result, we should also mention that all our experiments suggest
that the proposed scheme for reducing the number of variables in Y and LC

becomes increasingly more effective as the number of inputs grows.
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Fig. 3.5 The overall communication scheme

3.4 Applications to Large-Scale Lur’e Systems

In order to further evaluate the effectiveness of the techniques described in this
chapter, we now turn our attention to the control of large-scale Lur’e systems.
The approach that we propose is rather unique, in the sense that it considers
feedback laws with arbitrary structural constraints. As noted in Sect. 3.2, such
“flexible” design strategies have become increasingly attractive in recent years,
due to advances in the fields of wireless communications and satellite technology.

Lur’e–Postnikov systems have traditionally been modeled as a feedback
connection of a linear plant and a nonlinearity (Lur’e and Postnikov, 1944;
Lur’e, 1957; Aizerman and Gantmacher, 1964; Šiljak, 1969; Yakubovich, 1977).
While the linear plant is given precisely and is known to be asymptotically
stable, the shape of the nonlinearity is assumed to be uncertain. The class of
admissible nonlinear functions is quite general – they are only required to be
continuous, and must lie within a sector delineated by two straight lines.

The mathematical description of multivariable Lur’e–Postnikov system usu-
ally takes the form

ẋ = Ax+Bφφ (t, y) +Buu

y = Cx,
(3.99)

where x ∈ Rn is the state of the system, y ∈ Rp is the output, and u ∈
Rm denotes the input vector. Matrices A, Bφ, Bu and C are constant, and it
is assumed that (A, Bφ, C) is a minimal realization of the transfer function
G (s) = C (sI −A)−1Bφ . The nonlinearity φ : Rp+1 → Rp is locally Lipschitz
in y, and belongs to the class ΦF of sector bounded functions defined as

ΦF =
{
φ : [φ (t, y) + αFy]T [φ (t, y) − αFy] ≤ 0, ∀t ≥ 0, ∀y ∈ Rp

}
, (3.100)
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where α > 0 represents the sector bound parameter, and F is a p× p constant
positive definite matrix. System (3.99) is said to be absolutely stable if its equilib-
rium x = 0 is globally asymptotically stable for all φ ∈ ΦF (e.g., Khalil, 2001).

The absolute stability problem has been the subject of extensive research
since the 1950s. One of the most important early results in this field has been
the Popov criterion, which is a graphical construction that provides a straightfor-
ward way to maximize the nonlinear sector (Popov, 1962). Popov subsequently
extended his criterion to systems with multiple nonlinearities, but this mod-
ification did not lead to a suitable maximization of the size of the nonlinear
sectors (Popov, 1973). An alternative approach to absolute stability is based on
the concept of Positive Realness (e.g., Weinberg, 1962; Šiljak, 1971; Narendra
and Taylor, 1973; Wen, 1988). Conditions derived using the well-known Positive
Real Lemma (e.g., Popov, 1973; Tao and Ioannou, 1988) proved to be a pow-
erful theoretical tool, which gave rise to a number of successful strategies for
designing absolutely stabilizing controllers (Haddad and Bernstein, 1991; Sun
et al., 1994; Hodaka et al., 2000; Malik et al., 2008).

Although absolute stability has been an active research topic for more than
four decades, the control of large-scale Lur’e–Postnikov systems has received
little attention in the literature (Šiljak, 1978; Liu et al., 2007; Duan et al., 2008;
Dzhunusov and Fradkov, 2009, are the only relevant references that we could
find on this topic). In (Šiljak, 1978), interconnections of absolutely stable Lur’e–
Postnikov systems were studied, and a sufficient condition guaranteeing absolute
connective stability for the entire system was derived using vector Lyapunov
functions. The other three papers, on the other hand, are primarily concerned
with the design of decentralized control laws, which are applied to stabilize spe-
cial network structures whose nodes are described as Lur’e–Postnikov systems.

The approach proposed in the following is considerably more general than the
ones described above, since it focuses on large-scale Lur’e systems with arbitrary
information structure constraints. In order to design appropriate feedback laws
for such systems, it will be necessary to combine several of the techniques that
were introduced in Sects. 3.1–3.3. The resulting algorithm has a number of
attractive features, three of which are singled out below:

1. The obtained static output feedback laws establish absolute stability and,
at the same time, maximize the size of nonlinear sectors.

2. The proposed design algorithm does not require a stable linear plant.

3. The method is computationally efficient, and can accommodate gain ma-
trices with arbitrary nonzero patterns.

3.4.1 The Design Algorithm

A standard design objective for Lur’e systems of the form (3.99) is to enlarge the
set ΦF by maximizing parameter α. In the following, we propose to accomplish
this by using output feedback laws

u = K̄y, (3.101)



3.4. APPLICATIONS TO LARGE-SCALE LUR’E SYSTEMS 87

where K̄ is a gain matrix with an arbitrary preassigned structure. In order to
compute such a matrix, we will assume that Y and L have the form shown in
(3.6), and that Y0 is determined by solving an appropriate Lyapunov equation
(either (3.17) or (3.18), depending on the stability properties of matrix A). We
then propose to solve a variant of Problem 2.3, in which H takes the special
form H = FC (this form reflects the way in which set ΦF is defined).

Problem 3.10. Minimize a1γ + a2κY + a3κL subject to

Y > 0 (3.102)

⎡
⎣
AY + Y AT +BuL+ LTBu Bφ Y CTFT

BT
φ −I 0

FCY 0 −γI

⎤
⎦ < 0 (3.103)

γ − 1/ᾱ2 < 0 (3.104)

and [
−κLI LT

L −I

]
< 0;

[
Y I
I κY I

]
> 0. (3.105)

As shown in Sect. 3.1, (3.6) allows us to incorporate arbitrary structural
constraints on matrix K̄, since K̄ = ρ−1LC . Such a modification can also sig-
nificantly reduce the overall number of LMI variables, particularly when q � n
(where q denotes the dimension of matrix YQ). It is important to keep in mind,
however, that lowering q below a certain threshold can decrease the size of the
sector, and can ultimately lead to infeasibility. The following example illustrates
some of the issues that can arise in this context (Zečević et al., 2010).

Example 3.11. Let us consider a large, sparse Lur’e system with multiple non-
linearities, in which matrices A, Bu, Bφ, C, and F have the nonzero patterns
shown in Figs. 3.6–3.10. The structure of Bu, Bφ and C is assumed to be block-
diagonal, and matrix A (whose dimension is 100×100) was chosen to be unstable,
with 26 eigenvalues in the right half-plane.

Our objective in the following will be to design an output feedback law
that guarantees absolute stability of the system, while maximizing the sector
bound parameter α. In doing so, we will assume that the gain matrix can be
decomposed as

K̄ = K̄D + K̄C (3.106)

where K̄D corresponds to the decentralized part of the control. Matrix K̄C can
be associated with information exchanges between the subsystems, whose na-
ture is defined by the availability of communication channels. In this particular
example, matrix K̄ was assumed to have the overall structure shown in Fig. 3.11.

To establish a baseline for comparing the different parametrizations of matrix
Y , we first solved Problem 3.10 using (3.6). It is interesting to note that the
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Fig. 3.6 The nonzero pattern of matrix A

optimization was found to be infeasible when a purely decentralized control law
is used (i.e., when K̄ = K̄D). Such an outcome indicates that the supplemental
term K̄C plays an essential role in stabilizing this system.

The results obtained with a composite gain matrix K̄ = K̄D + K̄C are
summarized in Table 3.2, in which η(Y ) denotes the number of LMI variables
that are associated with matrix Y . The maximal sector bound was found to
be α = 0.1672, with η(Y ) = 1, 541. Note that in this case feasibility requires a
matrix YQ of dimension 50 × 50 or higher, which is obviously too large.

In Table 3.3 we show results obtained when matrix Y assumes the more
general form

Y = ρY0 +QmYDQ
T
m +QYQQ

T (3.107)

where Y0 represents the exact solution of (3.18), andQm is defined in the manner
shown in (3.82). In our simulations, we chose a block-diagonal structure for
matrix YD, which introduced an additional η (YD) = 113 variables into the
optimization.

It is readily observed that feasibility is attained with a much smaller num-
ber of variables than was the case in Table 3.2. The value α = 0.1287 that
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is obtained using a 13 × 13 matrix YQ is actually quite close to α = 0.1659
(which is the maximal value produced by the optimization). With that in mind,
it is reasonable to conclude that such a choice of YQ represents an acceptable
compromise between sector maximization and computational savings.

The results of the optimization can be further enhanced by replacing the two
inequalities in (3.105) with the one given in (3.13). As shown in Corollary 3.2,
a single constraint of this type ensures that

∥∥K̄∥∥ < μ (where μ is a preassigned
positive number). To demonstrate the potential impact of such a simplification,
we repeated the simulations using (3.13) instead of (3.105). Matrix Y was once
again assumed to have the form described in (3.107), and parameter μ was
selected to match the value of

∥∥K̄∥∥ used in the experiments that are summarized
in Table 3.3.

The results obtained in this manner are presented in Table 3.4. It is readily
observed that the values of α are significantly larger, and that the number of
variables in YQ can be further reduced (the simulation is actually feasible even
without matrix YQ).
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Fig. 3.8 The nonzero pattern of matrix Bφ

3.5 Control of Singular Systems

Algebraic constraints on the gain matrix are also encountered in the control of
singular (or descriptor) systems, whose mathematical description usually takes
the form of differential-algebraic equations (DAEs). Models of this type arise in
many engineering problems, and their structure is known to impose significant
restrictions on the type of feedback that can be used (Dai, 1989; Lin and Ahmed,
1991; Uezato and Ikeda, 1999; Ikeda et al., 2000; Boukas, 2005; Xu and Lam,
2006). It is therefore not surprising that the number of established techniques in
this field is rather modest (at least, when compared to the abundance of existing
methods for conventional control).

In this section, we will be primarily interested in models that consist of a
large number of subsystems that are linked through an interconnection network.
Standard techniques for stabilizing such systems tend to focus on the subsystem
dynamics, which are usually modified by some form of decentralized feedback. It
is important to recognize, however, that large-scale systems often have relatively
few inputs, which is a restriction that can significantly reduce the effectiveness
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of decentralized control. This problem is compounded by the fact that there are
entire classes of systems where feedback cannot be implemented at all. Models of
this type are commonly encountered in the analysis of electric circuits, where the
input vector normally receives contributions only from independent current and
voltage sources. For such systems it may be either impractical or impossible to
utilize state information for control purposes, and stability can only be improved
by adjusting certain variable parameters in the interconnection network.

The interconnection network typically has dynamic properties of its own,
which need to be incorporated into the overall model. This is often done by
supplementing the differential equations that describe the subsystems with a
set of algebraic constraints. Constraints of this type can arise from conservation
laws (such as Kirchoff’s laws, for example), or may reflect the assumption that
the network response is much faster than the subsystem dynamics. Either way,
the natural mathematical description of the overall system takes the form of
differential-algebraic equations.

The approach that we propose in the following makes use of adjustable pa-
rameters in the interconnection network, which are modified to enhance the
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system performance. In order to determine an appropriate set of parameter
values, we will make use of linear matrix inequalities and the general mathe-
matical framework described in the previous chapter. We should stress at the
outset that the idea of using LMIs in the context of singular systems is not a
particularly novel one. Indeed, over the past decade, a number of authors have
recognized the potential value of this technique, and have proposed a variety of
possible strategies for dealing with the algebraic constraints (Ikeda et al., 2000;
Boukas, 2005; Chaabane et al., 2006). It is important to keep in mind, however,
that these papers generally assume the existence of at least one input, and are
mainly concerned with the design of stabilizing feedback laws. In the following
we will be dealing with a somewhat different problem, where the primary form
of control is the modification of certain network components.

In analyzing the stability properties of singular systems, we will focus on
models in which the algebraic relations between the subsystem states and the
network variables are linear. This type of situation is commonly encountered in
engineering practice (electric circuits are an obvious example), and gives rise to
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Table 3.2 Initial simulation results
Dimension of YQ η (Y ) Feasibility α

55 × 55 1, 541 Yes 0.1672
54 × 54 1, 486 Yes 0.1483
52 × 52 1, 379 Yes 0.1335
50 × 50 1, 276 Yes 0.0589

Less than 50 × 50 N/A No N/A

a number of interesting theoretical results. Among the most important ones is
the property that the choice of appropriate parameter values in the network can
be formulated as a static output feedback problem with special constraints on
the gain matrix. This feature has obvious practical advantages, since it allows
us to directly apply the techniques introduced in Sects. 3.1–3.3.
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Table 3.3 Simulation results with a modified Y
Dimension of YQ η (Y ) Feasibility α

49 × 49 1, 339 Yes 0.1659
45 × 45 1, 149 Yes 0.1658
40 × 40 934 Yes 0.1608
35 × 35 744 Yes 0.1559
30 × 30 579 Yes 0.1550
25 × 25 439 Yes 0.1449
20 × 20 324 Yes 0.1382
15 × 15 234 Yes 0.1289
13 × 13 205 Yes 0.1287

Less than 13 × 13 N/A No N/A

Table 3.4 Simulation results using (3.13)

Dimension of YQ η (Y ) Feasibility α
49 × 49 1, 339 Yes 0.2700
30 × 30 579 Yes 0.2697
25 × 25 439 Yes 0.2697
20 × 20 324 Yes 0.2672
15 × 15 234 Yes 0.2665
13 × 13 205 Yes 0.2650
8 × 8 150 Yes 0.2645
5 × 5 129 Yes 0.2644
No YQ 114 Yes 0.2643

3.5.1 The Design Algorithm

Let us consider a collection of N nonlinear subsystems whose dynamics are
described as

Si : ẋi = Aiixi + hi(xi) + Φiz + ui (i = 1, 2, . . . , N) (3.108)

where xi(t) ∈ Rni and z(t) ∈ Rm denote the subsystem states and the network
variables, respectively, and ui(t) ∈ Rqi represents the input vector for Si. In
the following, we will assume that Φi (i = 1, 2, . . . , N) are constant matrices
of appropriate dimensions, and that hi : Rni → Rni are nonlinear functions
that can be uncertain in general. We will further assume that the dynamics
of the interconnection network can be modeled by a system of linear algebraic
equations of the form
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0 = W1x+W2z (3.109)

where x(t) = [xT
1 , x

T
2 , . . . , x

T
N ]T denotes the overall state vector of the system.

In dealing with large-scale models of this type, it is quite common to en-
counter situations where only a few subsystems have directly accessible inputs.
Such a restriction can significantly reduce the effectiveness of decentralized
control, often to the point where it becomes impossible to ensure adequate
performance. The most difficult scenario in this context arises when there are
no inputs at all, in which case the only available control strategy is to mod-
ify certain elements in the interconnection network. With that in mind, in the
following we will focus our attention on models of the form

Sp : ẋ = ADx+ACz + h(x)

0 = W1x+W2(p)z
(3.110)

where AD = diag{A11, A22, . . . , ANN}, AC = [ΦT
1 , ΦT

2 , . . . ,ΦT
N ]T , h(x) = [hT

1 ,
hT

2 , . . . , h
T
N ]T and p represents a vector of adjustable parameters in the inter-

connection network.
If matrix W2(p) is invertible, system (3.110) can always be rewritten in the

standard form
Sp : ẋ = A(p)x + h(x) (3.111)

where
A(p) = AD −ACW

−1
2 (p)W1 (3.112)

It is important to keep in mind, however, that such a transformation usually
entails the loss of some useful information. Indeed, based on matrix A(p) alone,
it is virtually impossible to assess how changes in individual network elements
affect the overall stability of the system. Our objective in the following will be
to address this problem, and show how it can be resolved in the framework of
linear matrix inequalities.

We begin our analysis by assuming that matrix W2(p0) corresponds to a
“nominal” network configuration, and that any change in the element values
results in a perturbation of the form

ΔW2 = NKM (3.113)

where N and M are matrices of dimension m×s and s×m, respectively, and K
is a full matrix of dimension s× s. From a practical standpoint, it makes sense
to focus on low-rank perturbations, which satisfy s� m. The simplest of these
scenarios obviously corresponds to the case where K is a 2 × 2 matrix

K =
[
k11 k12

k21 k22

]
(3.114)

Remark 3.12. In many cases, the process of modifying a network can be
represented as a sequence of rank 2 perturbations, each of which improves the
system performance with respect to the previous configuration. Although such
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a strategy is theoretically suboptimal, it has a number of advantages that make
it a desirable choice for large-scale problems (where easy implementation and
computational efficiency are of paramount importance).

In order to analyze how a low rank modification ofW2(p) affects the stability
of the overall system, let us denote the “nominal” matrix W2(p0) by W̄2, and
observe that the Sherman–Morrison formula allows us to write

W−1
2 (p) = (W̄2 +NKM)−1 = W̄−1

2 − W̄−1
2 N

[
I +KMW̄−1

2 N
]−1

KMW̄−1
2

(3.115)
Introducing matrices

F2 = −W̄−1
2 N, F3 = MW̄−1

2 N, F4 = MW̄−1
2 (3.116)

this relationship can be expressed in a more compact form as

W−1
2 (p) = W̄−1

2 + F2 [I +KF3]
−1
KF4 (3.117)

It is now easily verified that the reduced state space representation (3.111)
becomes

ẋ = (Ã+ B̃K̃C̃)x+ h(x) (3.118)

where
Ã = AD −ACW̄

−1
2 W1

B̃ = −ACF2

C̃ = F−1
3 F4W1

K̃ = [I +KF3]
−1
KF3

(3.119)

Equation (3.118) suggests that the computation of an appropriate matrix K̃
is equivalent to designing a static output feedback law of the form

u = K̃y (3.120)

for the system
ẋ = Ãx+ h(x) + B̃u

y = C̃x
(3.121)

Once matrix K̃ is computed, the correspondingK can be directly determined as

K = K̃(I − K̃)−1F−1
3 (3.122)

If there are no restrictions on K, the problem described above can obviously
be solved directly, using the methodology discussed in Sect. 3.1. One should bear
in mind, however, that the physical characteristics of the interconnection net-
work often impose additional constraints on this matrix. The two most common
ones are that K must be symmetric, and that its element values must be limited
to a prescribed range. On first glance, restrictions of this type appear to be fairly
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straightforward, and it is reasonable to expect that they could be handled by
one of the existing techniques for designing structurally constrained controllers
(see e.g., de Oliveira et al., 2000; Langbort et al., 2004; Saeki, 2006; Zečević and
Šiljak, 2008; Nagashio and Kida, 2009, and the references therein). It turns out,
however, that the problem is considerably more complicated. One of the main
difficulties in this context stems from (3.122), which indicates that there is no
obvious way to relate the structural properties of matrices K̃ andK. As a result,
it will be necessary to develop a set of special information structure constraints
for matrix K̃, and devise an optimization scheme that can incorporate them
into the design.

The algorithm that will be described in the following produces static output
feedback laws of the form

u = K̃C̃x (3.123)

One of its principal features is that the gain matrix K obtained from (3.122)
can be made symmetric if necessary, and that its elements kij can be held within
specified bounds. For better clarity, the design procedure has been broken down
into four distinct steps. The first two correspond to the method described in
Sect. 3.1, while Steps 3 and 4 address additional constraints that characterize
singular dynamic systems.

STEP 1. (Preliminary Calculations). Solve the Lyapunov matrix equation

ÃY0 + Y0Ã
T = −I (3.124)

When Ã is a stable matrix, this equation obviously has a unique symmetric
positive-definite solution Y0. If Ã happens to be unstable, solve a variant of
(3.124) in which Ã is replaced by Ã− β0I (β0 should be chosen so that Ã− β0I
is stable). Once Y0 is determined, define a constant matrix U as

U = Y0C̃
T (3.125)

Remark 3.13. In Sect. 3.3 it was noted the procedure described above isn’t
very practical for large systems, since it entails the solution of an n-dimensional
Lyapunov equation. In such cases, a computationally attractive alternative
would be to look for an approximate solution Y (r)

0 of rank r � n, using Krylov
space techniques.

STEP 2. Let Qm be an n× n matrix that satisfies

QT
mC̃

T = 0 (3.126)

and let Q denote a matrix that consists of q columns of Qm. Following the ideas
developed in Sect. 3.3, we now propose to look for solutions of Problem 2.3 in
the form

Y = ρY0 +QmYDQ
T
m +QYQQ

T

L = LCU
T

(3.127)

where YD is a diagonal matrix. As shown in Lemma 3.1, such a parametrization
produces a static output feedback law u = K̃C̃x, where K̃ = ρ−1LC . It also
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leads to a dramatic reduction in the number of optimization variables, which is
critically important when the system is large. To see this more clearly, we should
recall that the maximal number of LMI variables associated with matrices Y
and L is

η (Y, L) =
n (n+ 1)

2
+ sn. (3.128)

If no modifications are made to matrices Y and L, the computational effort
needed to solve Problem 1 grows rapidly as the system size increases, and can
easily exceed acceptable limits. If, on the other hand, we assume that Y and L
have the special form indicated in (3.127), the number of optimization variables
becomes

η (YD, YQ, LC) = n+
q (q + 1)

2
+ s2. (3.129)

This results in a significant reduction in computational complexity, since both
s and q are chosen to be much smaller than n.

If there are no additional constraints on matrix K, the two-step algorithm
described above is sufficient for determining an appropriate modification of the
network. The process is then repeated iteratively until all available parameters
in the network have been adjusted. However, if the physical properties of the
network entail certain structural restrictions on K, it becomes necessary to
include several additional steps in the design process. In the following, we will
focus our attention on two types of constraints – those related to symmetry, and
those that confine the size of the matrix elements to a preassigned range (these
two options are treated separately in Steps 3 and 4 of the algorithm).

STEP 3. (Symmetry Constraints). As noted above, the LMI optimization
with matrices Y and L defined as in (3.127) produces the gain matrix K̃ =
ρ−1LC . Setting V = F−1

3 , we can now rewrite (3.122) in terms of LMI variables
ρ and LC , as

K = ρ−1LC(I − ρ−1LC)−1V (3.130)

It is important to recognize at this point that matrix K described in (3.130)
needn’t necessarily be symmetric. In order to satisfy this additional constraint,
let us assume that matrix W2 is symmetric (which is usually the reason why we
require kij = kji in the first place). Under such circumstances, the perturbation
term takes the special form

ΔW2 = MTKM (3.131)

which ensures that matrices F3 and V are symmetric as well. We now prove the
following simple result.

Lemma 3.14. Let W2 be a symmetric matrix, and assume that the perturba-
tion ΔW2 has the form indicated in (3.131). If the condition

LCV = V LT
C (3.132)

holds, the matrix K defined by (3.122) is guaranteed to be symmetric.



3.5. CONTROL OF SINGULAR SYSTEMS 99

Proof. As a first step, we should observe that

ρ−1V (I − ρ−1LC)TLT
C = ρ−1LC(I − ρ−1LC)V (3.133)

(this follows from (3.132) after some straightforward algebraic manipulations).
If we multiply (3.133) on the left by (I − ρ−1LC)−1L−1

C and on the right by
L−T

C (I − ρ−1LC)−T we further obtain

(I − ρ−1LC)−1L−1
C (ρ−1V ) = (ρ−1V )L−T

C (I − ρ−1LC)−T (3.134)

Observing that (3.132) can be rewritten as

L−1
C V = V L−T

C (3.135)

and recalling that V = V T , (3.134) finally becomes

ρ−1LC(I − ρ−1LC)−1V = ρ−1V (I − ρ−1LC)−TLT
C (3.136)

which is equivalent to K = KT . �
An obvious practical question at this point is how one can incorporate an

equality constraint like (3.132) into the LMI optimization. In order to resolve
this problem, it is first necessary to recall that if R and S are matrices of
dimensions m× n and p× q, respectively, their Kronecker product is defined as
an mp× nq matrix:

R⊗ S =

⎡
⎢⎣

r11S · · · r1nS
...

. . .
...

rm1S · · · rmnS

⎤
⎥⎦ (3.137)

Using this notation, (3.132) can be expressed as a system of linear algebraic
equations

Fψ = 0 (3.138)

where
F = I ⊗ V − V ⊗ I (3.139)

and
ψ = vec (LC) = [l11, . . . , ls1, . . . , l1s, . . . , lss]T (3.140)

represents a vector composed of the columns of matrix LC .
Observing that both LC and V have dimension s× s, it can be shown that

the eigenvalues of F are (e.g., Graham, 1981)

λij(F ) = λi(V ) + λj(−V ) (i, j = 1, 2, . . . , s) (3.141)

which obviously implies

λii(F ) = 0 (i = 1, 2, . . . , s) (3.142)
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If we now apply Gaussian elimination to (3.138), this system of equations
becomes [

F̃11 F̃12

0 0

] [
ψ1

ψ2

]
= 0 (3.143)

Denoting the elements of vector ψ2 by l1, l2, . . . , ls, and observing that

ψ1 = −F̃−1
11 F̃12ψ2 (3.144)

it follows that the remaining elements of LC can be expressed as

lk =
s∑

j=1

πkj lj (k = s+ 1, . . . , s2) (3.145)

In view of (3.145), we can conclude that the symmetry constraint for K requires
a matrix LC of the form

LC =
s∑

i=1

liΠi (3.146)

where Πi are constant matrices of dimension s × s, and l1, l2, . . . , ls are free
optimization parameters.

STEP 4. (Constraints on the element sizes). Securing that the elements of
matrix K satisfy |kij | ≤ μ for some prescribed value μ > 0 can be quite com-
plicated in general, given the form of (3.130). However, if the overall change in
the network is represented as a sequence of rank 2 perturbations, the problem
is greatly simplified. To see how this comes about, we now proceed to prove a
lemma that pertains to the structure of matrix LC .

Lemma 3.15. If K is a 2×2 matrix, it is always possible to choose a symmetric
matrix LC which satisfies (3.132). The structure of this matrix will be

LC = l1

[
ζ 1
1 0

]
+ l2

[
1 0
0 1

]
(3.147)

where l1 and l2 are LMI variables, and

ζ =
v11 − v22
v12

(3.148)

is a constant which is uniquely defined by the elements of matrix V .

Proof. If LC is a 2× 2 matrix, the fact that V is symmetric allows us to express
(3.132) as

[
v12 v22 −v11 −v12
−v12 −v22 v11 v12

]
⎡
⎢⎢⎣
l11
l12
l21
l22

⎤
⎥⎥⎦ =

[
0
0

]
(3.149)
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Since only one of these equations is linearly independent, (3.149) further
reduces to

v12l11 = v11l21 − v22l12 + v12l22 (3.150)

Recalling now that the elements of LC are LMI variables, we can additionally
require that l21 = l12, which ensures that LC = LT

C . In that case, we have

l11 = ζl12 + l22 (3.151)

which becomes equivalent to (3.147) if we set l1 = l12 and l2 = l22. �

If the conditions of Lemma 3.15 are satisfied, it is easily verified that the
inequality [

(ρI − LC) I
I I

]
> 0 (3.152)

simultaneously secures
ρ−1LC < I (3.153)

and
(I − ρ−1LC)−1 < ρI (3.154)

Indeed, it suffices to observe that (3.152) is equivalent to

P

[
(ρI − LC) I

I I

]
PT > 0 (3.155)

for any nonsingular matrix P . If we choose P as

P =
[

I 0
(ρI − LC)−1 I

]
(3.156)

and recall that LC is symmetric by construction, (3.155) directly yields
[

(ρI − LC) 0
0 I − (ρI − LC)−1

]
> 0 (3.157)

Applying (3.153) and (3.154) to (3.130), we have

‖K‖2 ≤
∥∥ρ−1LC

∥∥
2

∥∥(I − ρ−1LC)−1
∥∥

2
‖V ‖2 < ρ ‖V ‖2 (3.158)

This bound implies that every element of matrix K satisfies |kij | ≤ ρ ‖V ‖2.
Since V is a known matrix, we can choose an upper bound μ for ‖K‖2, and the
inequality

ρ < μ/ ‖V ‖2 (3.159)

will automatically guarantee that ‖K‖2 < μ.
If we assume that the overall network modification is represented as a se-

quence of rank 2 perturbations, Steps 1–4 can be combined into the following
LMI problem in ρ, γ, YD, YQ, l1 and l2:
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Problem 3.16. Defining matrices Y , L and LC as shown in (3.127) and
(3.147), minimize γ subject to the following constraints:

Y > 0 (3.160)

⎡
⎣
ÃY + Y ÃT + B̃L+ LT B̃T I Y HT

I −I 0
HY 0 −γI

⎤
⎦ < 0 (3.161)

γ − 1/ᾱ2 < 0 (3.162)

[
(ρI − LC) I

I I

]
> 0 (3.163)

and
ρ < μ/ ‖V ‖2 (3.164)

The optimization procedure outlined above can be applied iteratively until
all available network components have been modified. In each step of this process
all previously adjusted components should be treated as fixed, in order to ensure
that the robustness bound α improves in each iteration.

3.5.2 Applications to Nonlinear Circuits

Differential-algebraic equations are commonly encountered in the analysis of
nonlinear electric circuits. The following example illustrates how the proposed
design method can be applied to such problems (Zečević and Šiljak, 2010).

Example 3.17. Consider the circuit shown in Fig. 3.12, in which the nonlinear
resistors and their associated capacitors represent two subsystems that are linked
through a linear interconnection network.

i2(v4)i1(v1)

1 2 3 4

L

G2 G4 G6

C2G5G3C1

Fig. 3.12 A circuit with two nonlinear resistors
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For the sake of simplicity, we will assume that both nonlinear resistors have
current–voltage characteristics of the form

i(v) = −0.5v + f(v) (3.165)

where f(v) is an uncertain function that satisfies the bound

|f(v)| ≤ 0.25|v| (3.166)

for all v ∈ R. It is interesting to note that elements of a similar type appear in
a well known circuit introduced by L. O. Chua, which exhibits chaotic behavior
under certain conditions (Matsumoto, 1984; Parker and Chua, 1989).

The mathematical description of this system has the form (3.110), with

AD =

⎡
⎣

−(G2 − 0.5)/C1 0 −1
0 −(G6 − 0.5)/C2 1

1/L −1/L 0

⎤
⎦ (3.167)

AC =

⎡
⎣
G2/C1 0

0 G6/C2

0 0

⎤
⎦ (3.168)

W1 =
[

−G2 0 0
0 −G6 0

]
(3.169)

W2 =
[

(G2 +G3 +G4) −G4

−G4 (G4 +G5 +G6)

]
(3.170)

and
h(x) = [−f(x1)/C1 − f(x2)/C2 0 ]T (3.171)

We will start from a “nominal” design, which in this case corresponds to G2 =
G6 = 2, G3 = G4 = G5 = 1, C1 = C2 = 1 and L = 0.25. It is not difficult to
verify that the system will be unstable for some choices of function f(v) (this
can be established by linearization around the origin). Note also that (3.166)
(in conjunction with C1 = C2 = 1) implies

hT (x)h(x) = f(x1)2 + f(x2)2 ≤ (0.25)2xTHTHx (3.172)

with

H =

⎡
⎣

1 0 0
0 1 0
0 0 0

⎤
⎦ (3.173)

We will assume that conductances G3, G4 and G5 are adjustable parameters
in the interconnection network which can be modified within prescribed limits
in order to globally stabilize the system. From (3.170) it is obvious that any
change in these elements produces a symmetric ΔW2, which can be expressed
in the form (3.131) with M equal to the identity matrix. Note that in this case
V = W̄2, so (3.147) for the symmetry of K amounts to
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LC = l1

[
0 1
1 0

]
+ l2

[
1 0
0 1

]
(3.174)

where l1 and l2 are independent LMI variables.
The constraints on ‖K‖ are dictated by the fact that all conductances must

be positive, which means that we need to ensure ΔGi > −1, (i = 1, 2, 3). We
can do this by setting μ = 1 in (3.164), in which case the optimization with
matrix H given in (3.173) produces

K =
[

0.7972 0.2004
0.2004 0.7972

]
(3.175)

and α = 0.432. This obviously exceeds αmin = 0.25, which is the minimal value
of α that is required by (3.172). The fact that α > αmin also implies that the
proposed control is robust, in the sense that we can guarantee global stability
even if the uncertainties in the nonlinear function h(x) are larger than assumed.

Observing that K is symmetric, and recalling that

ΔW2 =
[

(ΔG3 + ΔG4) −ΔG4

−ΔG4 (ΔG4 + ΔG5)

]
= MTKM (3.176)

it follows that the corresponding adjustments in the conductances are ΔG3 =
ΔG5 = 0.997 and ΔG4 = −0.2. From an empirical standpoint, it is interesting
to note that we can get physically meaningful solutions for larger values of μ
as well (although this cannot be guaranteed theoretically). For example, setting
μ = 3, we obtain ΔG3 = ΔG5 = 2.9069 and ΔG4 = −0.7855, which still satisfy
ΔGi > −1. In this case, the corresponding value of α is equal to 0.5.
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Kalsi, K., J. Lian and S. H. Żak (2009). Reduced-order observer-based decen-
tralized control of non-linear interconnected systems. International Journal
of Control, 82, 1157–1166.
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Chapter 4

Regions of Attraction

In dealing with nonlinear systems whose equilibria are locally stable, it is
critically important to have a reliable method for estimating the region of
attraction. Developing efficient algorithms for this purpose is not an easy task,
particularly when the system is large. One of the main challenges in this context
is to keep the overall computation time and the associated memory requirements
within acceptable limits. An additional (and equally important) objective is to
enlarge the size of the estimate by an appropriate choice of feedback. In the
case of large-scale systems, this choice is usually restricted to some form of
decentralized control, since state information is available only locally.

Most of the existing methods for estimating the region of attraction are
based on Lyapunov’s theory and its various extensions (such as La Salle’s in-
variance principle, for example). The main difficulty with this approach lies in
its conservativeness, which is reflected by the fact that the obtained estimates
usually represent only a subset of the exact region. This problem has been the
subject of extensive research over the past few decades, and a number of possible
improvements have been proposed (see e.g., Weissenberger, 1973; Šiljak, 1978;
Genesio et al., 1985; Zaborszky et al., 1988; Levin, 1994; Chiang and Fekih-
Ahmed, 1996; Rodrigues et al., 2000; Khalil, 2001; Gruyitch, et al., 2003; Tan
and Packard, 2008; Chesi, 2009).

In recent years, there has been a growing interest in the possibility of enlarg-
ing the region of attraction using different types of feedback. This approach has
been particularly successful in the case of models with polynomial nonlineari-
ties (Chesi, 2004a; Bakhtiari and Yazdan Panah, 2005), where one can actually
determine a lower bound for the best possible estimate of the region (see Chesi,
2004a, for further details). Other forms of feedback that have been considered in-
clude control strategies for linear systems with saturating inputs (Henrion et al.,
1999; Gomes da Silva and Tarbouriech, 2003) and dynamic output controllers
(Shim and Seo, 2000). It should be noted, however, that these methods utilize
centralized control laws, which are generally impractical for problems with high
dimensionality. In view of that, one of our main objectives in the following will
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be to consider alternative forms of feedback, and examine how they can be used
to enlarge the region of attraction.

When working with large-scale systems, one must also keep in mind that
their dynamics usually cannot be modeled with absolute precision. The pres-
ence of uncertainties further complicates the process of estimating the region
of attraction, and must be taken into account when selecting an appropriate
control law. A number of interesting results along these lines can be found in
(Chiang and Thorp, 1989; Johansen, 2000; Rodrigues et al., 2001; Cruck et al.,
2001; Hu and Lin, 2005). There has also been some recent work involving para-
metrically dependent Lyapunov functions, which allow for a formulation of the
problem in terms of a set of LMIs (Trofino, 2000; Chesi, 2004b; Chesi et al.,
2004). It is fair to say, however, that obtaining an estimate which captures a
broad range of uncertainties still poses a formidable challenge, particularly when
the system is large.

In this chapter we address a number of issues that can potentially complicate
the process of estimating stability regions. The following four are particularly
important in the context of complex systems:

1. When the model has a large number of states (several hundred or more),
conventional techniques for estimating the stability region typically require an
excessive amount of computation. As a result, such methods are often infeasible
in practice.

2. Large-scale systems usually entail a variety of information structure con-
straints which limit the type of feedback laws that can be used to enlarge the sta-
bility region. In most such cases, decentralized control is the only practical
strategy.

3. The LMI-based algorithm described in Problem 2.8 produces decentralized
control laws using block-diagonal functions YD. This requirement can be quite
restrictive, and generally results in overly conservative estimates of the region
of attraction.

4. It is usually difficult (and sometimes altogether impossible) to develop
precise mathematical models for practical large-scale systems. This means that
the proposed control laws must be robust, and that the estimate of the stability
region must be valid for a range of uncertainties in the model.

The method that will be proposed in the following sections provides a sys-
tematic procedure for dealing with the difficulties outlined above. In evaluating
its merits, it is important to keep in mind that there is always an inherent trade-
off between the precision with which the region of attraction is estimated, and
the computational complexity of the method that is used. This constraint poses
a strategic dilemma for the analyst, since estimates are bound to become more
conservative if they are obtained using simplified numerical procedures. In ad-
dressing this problem, we should be cognizant of the fact that the computational
demands of optimization algorithms tend to grow rapidly as the system size in-
creases, and can easily exceed acceptable limits when the number of variables
becomes large. With that in mind, in the following we will focus on algorithms
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that maximize computational efficiency, with the understanding that the result-
ing estimate for the region of attraction will necessarily be suboptimal.

4.1 Generalized Bounding Procedures

All the results presented in Chaps. 2 and 3 were based on the assumption that
the system model has the form

S : ẋ = Ax+ h(x) +Bu (4.1)

and that the nonlinearity h(x) can be bounded as

hT (x)h(x) ≤ α2xTHTHx (4.2)

for all x ∈ Rn. We showed (among other things) that such a bound allows us
to design different types of feedback laws which can guarantee global stability
of the closed-loop system. It is important to recognize, however, that there are
many practical problems for which (4.2) does not hold. In such cases, it is of
interest to introduce a generalized bound

hT (x)h(x) ≤ α2xTHT (x)H(x)x (4.3)

where α ≥ 1 is a scalar, and H : Rn → Rn ×Rn is a matrix whose elements are
continuous functions of x. These functions can be unbounded in general, and
our only assumption is that there exists a constant diagonal matrix D and a
region Ω ⊂ Rn such that 0 ∈ Ω, and

hT (x)h(x) ≤ α2xTDTDx, ∀x ∈ Ω (4.4)

for some α ≥ 1.
In order to develop an appropriate control strategy for systems that con-

form to bound (4.3) we must first establish some preliminary results, which are
summarized in Lemma 4.1.

Lemma 4.1. Consider a vector a = [a1 a2 . . . an]T with elements ai > 0 for
all i. Let Ω(a) denote a set defined as

Ω(a) = {x ∈ Rn : |xi| ≤ ai, i = 1, 2, . . . , n} (4.5)

and let F : Rn → Ω(a) be a mapping such that the components of y = F (x)
satisfy

yi = Fi(x) =

⎧⎪⎪⎨
⎪⎪⎩

xi, |xi| ≤ ai

ai, xi > ai

−ai, xi < −ai

(4.6)

for i = 1, 2, . . . , n. Given an arbitrary vector x∗ ∈ Rn let us also define the
region

W (ρ) = {x ∈ Rn : ‖x− x∗‖2 ≤ ρ} (4.7)
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and a constant
δ2 = min

i∈S
||x∗i | − ai| (4.8)

where S represents the set of all indices i for which |x∗i | �= ai. If ρ is chosen so
that ρ ≤ δ2, then for any x ∈W (ρ), the corresponding y = F (x) satisfies

‖y − y∗‖2 ≤ ‖x− x∗‖2 ≤ ρ (4.9)

with y∗ = F (x∗).

Proof. If ‖x− x∗‖2 ≤ ρ ≤ δ2, it follows that |xi − x∗i | ≤ δ2 (i = 1, 2, . . . , n).
We now need to consider three possible cases. Without loss of generality, in the
following we will assume that x∗i > 0 (the proof for x∗i < 0 follows in the same
manner).

CASE 1. If x∗i < ai, then y∗i = F (x∗i ) = x∗i . Since δ2 ≤ |x∗i − ai| by virtue of
(4.8), for any xi such that |xi − x∗i | ≤ δ2 we have that yi = F (xi) = xi. As a
result, |yi − y∗i | = |xi − x∗i |.

CASE 2. If x∗i > ai, then y∗i = F (x∗i ) = ai. Since δ2 ≤ |x∗i − ai|, for any xi

such that |xi −x∗i | ≤ δ2 we have that yi = F (xi) = ai. As a result, |yi − y∗i | = 0.

CASE 3. This is the borderline case when x∗i = ai, and therefore y∗i =
F (x∗i ) = x∗i = ai. For any yi �= y∗i there are two possibilities:

(a) yi = ai, in which case |yi − y∗i | = 0.
(b) yi = xi, in which case |yi − y∗i | = |xi − x∗i |.
Either way, it follows that |yi − y∗i | ≤ |xi − x∗i |.
It is easily recognized that inequality ‖y − y∗‖2 ≤ ‖x− x∗‖2 ≤ ρ holds in all

three scenarios. �
Using Lemma 4.1 as a starting point, we now prove a theorem that allows

us to generalize the LMI-based design method introduced in Chap. 2, and apply
it to systems that satisfy (4.3).

Theorem 4.2. Consider a continuous function h(x) that satisfies (4.3) for all
x ∈ Rn. Let us also define a region Ω(a) ⊂ Rn in the manner described in (4.5),
and assume that there exists a constant diagonal matrix D such that

xTHT (x)H(x)x ≤ xTDTDx, ∀x ∈ Ω(a) (4.10)

If Problem 2.3 is feasible for H = D, the resulting gain matrix K = LY −1 will
locally stabilize the closed-loop system

SK : ẋ = (A+BK)x+ h(x) (4.11)

The corresponding region of attraction can then be estimated as the largest set

Π(r) =
{
x : V (x) = xTY −1x ≤ r

}
(4.12)

that satisfies Π(r) ⊂ Ω(a).
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Proof. Let us define an auxiliary function ĥ(x) as

ĥ(x) = h(y) (4.13)

where y = F (x), and F is the mapping defined in (4.6). We will show that ĥ(x)
constructed in this way has the following three properties:

1. ĥ(x) = h(x) for all x ∈ Ω(a).

2. ĥ(x) is continuous in Rn.

3. The inequality
ĥT (x)ĥ(x) ≤ α2xTDTDx (4.14)

holds for all x ∈ Rn.

Property 1. For any x ∈ Ω(a), y = F (x) = x by definition. Consequently,

ĥi(x) = hi(y) = hi(x), ∀x ∈ Ω(a) (4.15)

Property 2. Consider an arbitrary number ε > 0 and a vector x∗ ∈ Rn.
In order to establish the continuity of ĥ, we need to show that there exists a
number ρ0(ε) such that

|ĥi(x) − ĥi(x∗)| < ε (4.16)

whenever
‖x− x∗‖2 < ρ0(ε). (4.17)

We begin by introducing vector y∗ = F (x∗), and observing that the conti-
nuity of hi implies the existence of some δ1(ε) > 0 such that

|hi(y) − hi(y∗)| < ε (4.18)

whenever
‖y − y∗‖2 < δ1(ε). (4.19)

Following Lemma 4.1, let us define constant δ2 as

δ2 = min
i∈S

||x∗i | − ai| (4.20)

where S represents the set of all indices i for which |x∗i | �= ai. We will now
choose ρ0(ε) as

ρ0(ε) = min(δ2, δ1(ε)) (4.21)

and define a set
W (ε) = {x ∈ Rn : ‖x− x∗‖2 ≤ ρ0(ε)} (4.22)

For any x ∈ W (ε), we know that

|ĥi(x) − ĥi(x∗)| = |hi(y) − hi(y∗)| (4.23)

where y = F (x). Furthermore, since ρ0(ε) ≤ δ2 by definition, Lemma 4.1 implies
that

‖y − y∗‖2 ≤ ‖x− x∗‖2 ≤ ρ0(ε) (4.24)



116 CHAPTER 4. REGIONS OF ATTRACTION

Recalling that ρ0(ε) also satisfies ρ0(ε) ≤ δ1(ε), it follows that

|ĥi(x) − ĥi(x∗)| = |hi(y) − hi(y∗)| < ε (4.25)

whenever
‖x− x∗‖2 ≤ ρ0(ε) (4.26)

Since ε and x∗ were chosen arbitrarily, the continuity of ĥi(x) follows directly.

Property 3. Condition (4.3) ensures that any x ∈ Rn and the corresponding
y = F (x) satisfy

ĥT (x)ĥ(x) = hT (y)h(y) ≤ α2yTHT (y)H(y)y (4.27)

The definition of F also implies that y ∈ Ω(a) for any x ∈ Rn. Consequently,

yTHT (y)H(y)y ≤ yTDTDy =
n∑

i=1

d2
i y

2
i (4.28)

by virtue of (4.10). Since
y2

i ≤ x2
i (4.29)

when y = F (x), the last term in (4.28) can be further bounded as

n∑
i=1

d2
i y

2
i ≤ xTDTDx (4.30)

Inequality (4.14) can now be obtained directly, by combining (4.27), (4.28) and
(4.30).

Let us now consider the augmented dynamic system

Ŝ : ẋ = Ax+ ĥ(x) +Bu (4.31)

If Problem 2.3 is feasible for H = D, the LMI optimization produces a gain
matrix K that globally stabilizes the closed-loop system

ŜK : ẋ = (A+BK)x+ ĥ(x) (4.32)

This procedure also produces a Lyapunov function

V (x) = xTY −1x = xTPx (4.33)

which allows us to define a collection of sets

Π(r) = {x : V (x) ≤ r} (4.34)

If Π(r) ⊂ Ω(a), the solutions of (4.32) originating in Π(r) must remain in this set
at all times, since V̇ (x) < 0 for all x ∈ Ω(a). Recalling that any such trajectory
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satisfies ĥ(x(t)) = h(x(t)) for all t, it follows that x(t) must be a solution of the
closed-loop system

SK : ẋ = (A+BK)x+ h(x) (4.35)

as well. We can thus conclude that the gain matrix K obtained in this man-
ner stabilizes system (4.35) locally, and that the region of attraction can be
estimated as the largest set that satisfies Π(r) ⊂ Ω(a). �

In order to apply these results to large-scale systems, it will be necessary
to formulate systematic procedures for bounding the nonlinear terms in the
manner indicated in (4.3) and (4.10). To illustrate how such a procedure might
be developed, let us consider a class of nonlinearities that have the form

h(x) = C(x)x (4.36)

where C(x) is a functional matrix. Mathematical descriptions of this type are
quite general, and are commonly encountered in practice (Lotka–Volterra mod-
els in biology and power systems with exciter control are typical examples).

Denoting the rows of matrix C(x) by ci(x), we can express the scalar product
hT (x)h(x) as

hT (x)h(x) =
n∑

i=1

h2
i (x) = xTM(x)x (4.37)

where

M(x) =
n∑

i=1

cTi (x)ci(x) (4.38)

It is now easily verified that

xTM(x)x ≤ xT Φ(x)x (4.39)

where Φ(x) is any diagonal matrix whose elements satisfy

φii(x) ≥
n∑

j=1

|mij(x)| (4.40)

The fact that Φ(x) is diagonal greatly simplifies subsequent computations, which
is very important in applications of the proposed procedure to large-scale sys-
tems. The following example demonstrates the potential benefits of such an
approach (a more detailed analysis that pertains to problems of higher dimen-
sionality is provided in Sect. 4.3).

Example 4.3. Consider the system

ẋ =
[

3 1
−1 0

]
x+

[
x1x2 + 0.1x2

1 sinx1

x1 sinx1 + x2
2

]
+
[

1
1

]
u (4.41)

which is of the form (4.1) with an unstable matrix A. The components of the
nonlinear term h(x) can be expressed as
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[
h1(x)
h2(x)

]
=
[
c1(x)x
c2(x)x

]
(4.42)

where c1(x) and c2(x) are defined as:

c1(x) =
[

(x2 + 0.1 x1 sinx1) 0
]

(4.43)

and
c2(x) =

[
sinx1 x2

]
(4.44)

respectively. It is easily verified that

hT (x)h(x) = xT
[
cT1 (x)c1(x) + cT2 (x)c2(x)

]
x = xTM(x)x (4.45)

where
m11(x) = sin2 x1(1 + 0.01 x2

1) + 0.2 x1x2 sinx1 + x2
2

m12(x) = m21(x) = x2 sinx1

m22(x) = x2
2

(4.46)

For bounding purposes, we need to construct a diagonal matrix Φ(x) such
that

φ11(x) ≥ |m11(x)| + |m12(x)|
φ22(x) ≥ |m21(x)| + |m22(x)|

(4.47)

The simplest way to do this is to use monotonic bounds of the form

φ11(x) = 1 + 0.01 x2
1 + 0.2 |x1||x2| + x2

2 + |x2|
φ22(x) = x2

2 + |x2|
(4.48)

Such bounds tend to be somewhat conservative, but the process of maximizing
φii(x) becomes straightforward. Indeed, for any given region Ω(a) ⊂ R2, the
matrix D = Φ1/2(a) is guaranteed to satisfy

xT Φ(x)x ≤ xTDTDx, ∀x ∈ Ω(a) (4.49)

The key question at this point becomes the enlargement of set Ω(a) using an
appropriate choice of feedback. In order to minimize the computational effort,
it will be convenient to estimate Ω(a) as a square region

Ω(a) = {x : |x1| ≤ a, |x2| ≤ a} (4.50)

where a is a scalar. In view of Theorem 4.2 and the ensuing discussion, the
problem can now be formally stated as follows:

Problem 4.4. Given an upper bound for ‖K‖, maximize a so that:

(i) hT (x)h(x) ≤ xT Φ(a)x, ∀x ∈ Ω(a)

(ii) Problem 2.3 is feasible with matrix D = Φ1/2(a).
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Table 4.1 Iterative estimation of region Ω(a)
a(k) α(k) D(k) K
0.50 1.83 d11 = 1.34; d22 = 0.87 K = [−26.2 11.2]
1.00 1.19 d11 = 1.79; d22 = 1.41 K = [−27.2 12.4]
1.20 1.05 d11 = 1.98; d22 = 1.62 K = [−27.1 12.4]
1.27 1.00 d11 = 2.05; d22 = 1.70 K = [−26.6 12.0]

Problem 4.4 can be solved iteratively, by exploiting the free parameter γ =
1/α2 that is a variable in Problem 2.3. If the optimization produces α > 1 for a
particular choice of D, this indicates that there is room for enlarging the region
Ω(a) (since the LMI will be feasible with matrix αD as well). With that in
mind, we begin with an arbitrary guess a(0), whose only constraint is that the
corresponding α(0) must be greater than one. We then iteratively increase a(k)
for as long as Problem 2.3 with D(k) = [Φ(a(k))]1/2 produces α(k) ≥ 1.

The resulting iterations for system (4.41) are shown in Table 4.1 (where
‖K‖ ≤ 30 was used as a constraint on the gain size in all cases). The maximal
set Ω∗ obtained in this manner is obviously

Ω∗ = {x : |x1| ≤ 1.27, |x2| ≤ 1.27} (4.51)

and the Lyapunov function that corresponds to it is V (x) = xTPx, with

P =
[

4.1461 −2.9908
−2.9908 2.4891

]
(4.52)

(note that P = Y −1 is a by-product of the LMI optimization). It is now easily
verified that

Π0 =
{
x : xTPx ≤ 0.535

}
(4.53)

is the largest set that satisfies Π(r) ⊂ Ω∗.

Remark 4.5. Since Problem 4.4 includes a bound on the gain sizes, it is fair
to say that this approach provides the best estimate for a given ‖K‖. Such a
strategy entails an inherent trade-off, since reducing ‖K‖ and maximizing Ω(a)
tend to be conflicting objectives.

Remark 4.6. In principle, the iterative optimization process described above
can be repeated with a rectangular set Ω(a). In this way it may be possible to
obtain a region that has a larger volume. However, such a generalization involves
a considerable increase in the computational complexity of the procedure, which
is a major disadvantage in applications to large-scale systems.

4.2 Uncertain Systems

An attractive feature of the proposed design strategy is its ability to produce an
estimate of the region of attraction that is valid for a range of uncertainties in
the system model. The effects of the uncertainties (both in h(x) and in A) can be
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incorporated by introducing a perturbation Δhi(t, x) into each component of the
nonlinearity. Such a modification requires the addition of terms 2Δhi(t, x)hi(x)
and Δh2

i (t, x) into (4.37). In the following, we will focus on two situations that
are of particular importance.

Case 1. The elements of matrix A are uncertain and can be expressed as
aij = āij + Δaij(t, x), where āij is a constant and

|Δaij(t, x)| ≤ γij , ∀ (t, x) (4.54)

Introducing vector

Δai(t, x) =
[
Δai1(t, x) . . . Δain(t, x)

]T
(4.55)

we can express the perturbation corresponding to row i of matrix A as

Δhi(t, x) = xT Δai(t, x) (4.56)

Recalling that hi(x) is assumed to have the form (4.36), we obtain

2Δhi(t, x)hi(x) = 2xT Δai(t, x)ci(x)x (4.57)

This is a quadratic form that can be easily bounded using the procedure de-
scribed in the previous section. Proceeding in a similar manner, it is easily
verified that

Δh2
i (t, x) = ΔhT

i (t, x)Δhi(t, x) ≤ xT {‖ΔA(t, x)‖1 ‖ΔA(t, x)‖∞} x (4.58)

where

‖ΔA(t, x)‖1 = max
j

n∑
i=1

|Δaij(t, x)| (4.59)

and

‖ΔA(t, x)‖∞ = max
i

n∑
j=1

|Δaij(t, x)| (4.60)

Case 2. The nonlinear term h(x) is assumed to depend on a vector of uncer-
tain parameters p(t, x), whose components satisfy

ξij ≤ |pij(t, x)| ≤ ηij , ∀ (t, x) (4.61)

In this case, we can look for a bound in the form

hT (p, x)h(p, x) ≤ xT Φ(p, x)x (4.62)

where Φ is a diagonal matrix with elements φii(p, x). As noted previously, the
computational aspects of the algorithm can be considerably simplified if φii(p, x)
are chosen to be monotonic in arguments |pi| and |xi| (i = 1, 2, . . . , n).

The following example illustrates the effectiveness of the proposed approach
for the two cases considered above.
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Example 4.7. Consider a bilinear system of the form

ẋ =

⎡
⎣

−2 0.5 0
−0.5 −1 1
−1 1 1

⎤
⎦x+

⎡
⎣
β12x1x2 + β13x1x3

β21x2x1 + β23x2x3

β31x3x1 + β32x3x2

⎤
⎦+

⎡
⎣

0
0
1

⎤
⎦u (4.63)

where βij represent constant coefficients. Since matrix A in (4.63) is unstable,
our objective will be to stabilize the system, and provide an estimate of the
region of attraction that is valid over a range of possible uncertainties.

Following a bounding procedure similar to the one outlined in Example 4.3,
it is not difficult to verify that

hT (x)h(x) ≤ xT Φ(x)x (4.64)

where
φ11(x) = β2

21x
2
2 + β2

31x
2
3 + |β31||β32|x2

3 + |β21||β23|x2
2

φ22(x) = β2
12x

2
1 + β2

32x
2
3 + |β31||β32|x2

3 + |β12||β13|x2
1

φ33(x) = β2
13x

2
1 + β2

23x
2
2 + |β21||β23|x2

2 + |β12||β13|x2
1

(4.65)

In order to obtain specific results, let us assume that:

β12 = −0.2; β13 = 0.1; β21 = 0.1

β23 = 0.5; β31 = −0.5; β32 = 0.2
(4.66)

(note that there is nothing special about the choice in (4.66) – any other combi-
nation would serve the same purpose). We now consider three possible scenarios,
which correspond to different types of uncertainties.

Scenario 1. All elements of A are perturbed as aij = āij + Δaij(t, x), with

|Δaij(t, x)| ≤ 0.2|āij |, ∀ (t, x) (4.67)

Scenario 2. Only elements a12, a21 and a32 of matrix A are perturbed, and
their variation is described as

Δaij(t, x) = eij(t, x)āij (4.68)

where 0 ≤ |eij(t, x)| ≤ 1. This kind of disturbance corresponds to a structural
perturbation (see e.g., Šiljak, 1978, for a thorough discussion of this concept).

Scenario 3. Matrix A is fixed, but the uncertain coefficients βij in h(x) are
allowed to vary as

0.8|βij| ≤ |βij(t, x)| ≤ 1.2|βij |, ∀ (t, x) (4.69)

These six coefficients constitute the parameter vector p(t, x), and the matrix
Φ(x) defined by (4.65) assumes the form Φ(p, x). It is easily verified that the
bounds φii(p, x) derived in this way are monotonic in both |pi| and |xi|.
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Table 4.2 Estimated regions of attraction for system (4.63)

Nominal Scenario 1 Scenario 2 Scenario 3
a = 2.93 a = 1.59 a = 1.15 a = 2.44

r0 = 4.01 r0 = 1.1 r0 = 0.44 r0 = 2.78

V = 28.2 V = 5.56 V = 2.08 V = 16.45

The results obtained for the nominal system (4.63) and the three perturbed
scenarios are summarized below (with ‖K‖2 ≤ 10 as a constraint on the gains
in all cases). Once again only square estimates for region Ω were considered,
since they can be easily computed. We should also point out that the quantities
a and r0 in Table 4.2 refer to sets:

Ω(a) = {x ∈ Rn : |xi| ≤ a, i = 1, 2, . . . , n} (4.70)

and

Π0 =
{
x : xTPx ≤ r0

}
(4.71)

respectively, while V denotes the volume of ellipsoid Π0. The matrices P that
define the Lyapunov functions (and sets Π0 as well) are:

Nominal Case

P0 =

⎡
⎣

1.6259 −0.2879 −0.0173
−0.2879 1.9301 0.3048
−0.0173 0.3048 0.5158

⎤
⎦ (4.72)

Scenario 1

P1 =

⎡
⎣

0.9832 −0.3261 0.0969
−0.3261 1.8665 0.3170
0.0969 0.3170 0.5152

⎤
⎦ (4.73)

Scenario 2

P2 =

⎡
⎣

0.5919 −0.5207 −0.0585
−0.5207 2.2523 0.3661
−0.0585 0.3661 0.3967

⎤
⎦ (4.74)

Scenario 3

P3 =

⎡
⎣

1.5972 −0.2669 −0.0095
−0.2669 1.9045 0.2982
−0.0095 0.2982 0.5135

⎤
⎦ (4.75)
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4.3 Large Sparse Systems

The technique for estimating regions of attraction proposed in Sect. 4.1 is par-
ticularly effective in cases when matrices A and C(x) are large and sparse. To
see why this is so, let us introduce matrices M (k)(x) (k = 1, 2, . . . , n) whose
elements are defined as

m
(k)
ij (x) = cki(x)ckj(x) (4.76)

Recalling the bounding procedure (4.37)–(4.40), the entries of matrix M(x) can
be expressed as

mij(x) =
n∑

k=1

m
(k)
ij (x) (4.77)

We will further assume that each element of matrix C(x) can be bounded as

|ckj(x)| ≤ ξkj(x) (4.78)

where ξkj : Rn → R+ satisfies

max
x∈Ω(a)

ξkj(x) = ξkj(a) (4.79)

for any a ∈ Rn. In that case, it is obvious that

|m(k)
ij (x)| ≤ ξki(x)ξkj(x) (4.80)

Introducing

φ
(k)
ii (x) =

n∑
j=1

ξki(x)ξkj(x) (4.81)

we can rewrite (4.40) as

n∑
j=1

|mij(x)| ≤
n∑

k=1

n∑
j=1

|m(k)
ij (x)| ≤

n∑
k=1

φ
(k)
ii (x) = φii(x) (4.82)

If we now construct D as a diagonal matrix whose elements satisfy

d2
ii =

n∑
k=1

φ
(k)
ii (a) (4.83)

it is easily verified that

xT Φ(x)x ≤ xTDTDx, ∀x ∈ Ω(a) (4.84)

which is precisely what (4.10) requires.
It is important to recognize that the computation of elements φ(k)

ii (a) in
(4.83) is quite straightforward. Indeed, given a region Ω(a), we can form the
vector

ξk(a) =
[
ξk1(a) . . . ξkn(a)

]T (4.85)
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and compute φ(k)
ii (a) by simply summing up the ith row of matrix

W (k)(a) = ξk(a)ξT
k (a) (4.86)

This is an easy task, since W (k)(a) is a constant, sparse matrix, whose nonzero
pattern is identical to that of the functional matrixM (k)(x). We should also note
that each term φ

(k)
ii (a) can be computed independently, since it only requires

knowledge of the nonzero elements in row k of matrix C(x). In that respect, we
can say that the bounding process is separable, and can be performed in parallel
if necessary. This feature is important, since the proposed method for estimating
the region of attraction typically requires several iterations with different choices
of parameter a.

Given the relative ease with which bounds of the form (4.84) can be obtained
for large, sparse systems, it follows that the main computational challenge for
the proposed method lies in solving Problem 2.3. In order to address this issue,
let us assume that system (4.1) consists of N interconnected subsystems

Si : ẋi = Aiixi + ε

N∑
j=1

Aijxj +Biui + hi(x) (4.87)

where Aij and Bi are matrices of dimension ni × nj and ni ×mi, respectively
and ε is a small number. As shown in Sect. 1.1, this type of structure arises in a
broad class of large-scale systems, and can be identified using epsilon decompo-
sition. Note that the system described in (4.87) allows for two different kinds of
interactions between the subsystems. Matrices εAij account for linear coupling
(whose strength is proportional to ε), while the terms hi(x) describe nonlinear
coupling.

Defining AD = diag{A11, . . . , ANN}, BD = diag{B1, . . . , BN} and h(x) =
[hT

1 (x), . . . , hT
N (x)]T , the overall system can be represented in compact form as

S : ẋ = ADx+ εACx+BDu+ h(x) (4.88)

Since the system is large, we will further assume that the control law

u = KDx (4.89)

is decentralized, which implies that KD must be a block-diagonal gain matrix. In
Sect. 2.2 it was demonstrated that information constraints of this type can be
incorporated into Problem 2.3 by requiring that matrices L = LD and Y = YD

have a block-diagonal structure, with blocks of dimensions mi × ni and ni × ni

respectively. As a consequence of this restriction, the overall number of LMI
variables is considerably smaller than in the case of centralized control, and can
be expressed as

η(YD, LD) =
N∑

i=1

[
ni(ni + 1)

2
+mini

]
(4.90)
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Although such a design strategy was found to be successful in many appli-
cations, there are two potential drawbacks:

1. Despite the reduction in the number of LMI variables, the computational
effort associated with matrices YD and LD can still be significant when the
system is large.

2. The requirement that Y must be a block-diagonal matrix can be rather
restrictive, since it places a constraint on the type of Lyapunov function that
can be used. This may affect the feasibility of the optimization, and generally
results in a more conservative estimate of the region of attraction.

In view of the problems noted above, we now describe an alternative design
algorithm which can reduce the number of LMI variables while allowing Y to
be a full matrix (Zečević and Šiljak, 2010). For better clarity, the procedure is
presented as a sequence of steps.

STEP 1. Design preliminary decentralized control laws ui = Kixi so that
the closed-loop matrices

Âii = Aii +BiKi (i = 1, 2, . . . , N) (4.91)

are stable. For each Âii the corresponding Lyapunov equation

ÂiiYi + YiÂ
T
ii = −I (4.92)

will then have a unique symmetric positive-definite solution Y 0
i . Use these so-

lutions to form a block-diagonal matrix Y 0
D = diag{Y 0

1 , . . . , Y
0
N}.

STEP 2. Choose a set of integers ri such that ri < ni (i = 1, 2, . . . , N), and
define a fixed block-diagonal matrix FD whose blocks have dimension ri × ni.
For convenience, we can require that all blocks have the structure

Fi = [Ii Fi2] (4.93)

where Ii is an ri×ri identity matrix. Once FD is formed in this manner, compute
matrix UD as

UD = Y 0
DF

T
D . (4.94)

STEP 3. Since FD has dimension r × n by construction (with r =
N∑

i=1

ri),

there will always exist block-diagonal matrices QD of rank q ≤ n − r such
that

QT
DF

T
D = 0 (4.95)

These matrices are easily computed by exploiting the structure of Fi described
in (4.93). Indeed, if the blocks of QT

D are partitioned as

Qi = [Qi1 Qi2] (4.96)
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(4.95) will hold true for any choice of Qi2, provided that

Qi1 = −Qi2F
T
i2 (i = 1, 2, . . . , N) (4.97)

We should also point out that matrices of the form Q = QDM automatically
satisfy condition

QTFT
D = 0 (4.98)

regardless of how M is chosen. This added flexibility can significantly improve
the convergence properties of the optimization process, particularly when the
system is large.

STEP 4. Following the ideas introduced in Lemma 3.1, we will now look for
a solution of Problem 2.3 in the form

Y = ρY 0
D +QYQQ

T

L = LCU
T
D

(4.99)

In doing so, we will additionally assume that LC = diag{L1, . . . , LN} has blocks
of dimension mi × ri, while YQ is a full, symmetric matrix of dimension q × q.
The scalar variable ρ plays the role of a relaxation parameter, which provides
an additional degree of freedom in (2.34) and (2.35).

STEP 5. If the LMI optimization is feasible with the matrix structures de-
fined in (4.99), the decentralized gain matrix can be computed as

KD = LY −1 (4.100)

Recalling that
Y FT

D = ρY 0
DF

T
D +QYQQ

TFT
D = ρUD (4.101)

by construction, it follows that

FD = ρUT
DY

−1 (4.102)

Consequently,

KD = LY −1 = LCU
T
DY

−1 =
1
ρ
LCFD (4.103)

In other words, KD is block-diagonal although Y itself is a full matrix. This
feature ensures greater flexibility in estimating the region of attraction, since
there are no structural restrictions on the Lyapunov function V (x) = xTY −1x.

Remark 4.8. Note that although Y is a full n × n matrix, it still contains a
reduced number of LMI variables (q(q+1)/2 instead of n(n+1)/2). As a result,
estimates obtained in this manner are bound to be suboptimal. Such a trade-off
is necessary in order to keep the computational complexity of the algorithm
within acceptable limits.
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STEP 6. Since ‖KD‖ now depends on LC and ρ, the second constraint in
(2.37) can be rewritten as [

ρ 1
1 κρ

]
> 0 (4.104)

This ensures κρ > 1/ρ, and therefore guarantees that

‖KD‖ = 1/ρ ‖LC‖ < κρ
√
κL (4.105)

Such a bound is considerably less conservative than the previously used ‖KD‖ <
κY

√
κL, where κY had to satisfy

∥∥Y −1
∥∥ < κY .

STEP 7. For estimating the region of attraction, we need to make explicit
use of the Lyapunov function V (x) = xTY −1x. In this context, we should note
that Y is the sum of a block-diagonal and a low rank matrix by construction.
As such, it is easily invertible using the Sherman–Morrison Lemma.

The following example illustrates the effectiveness of the proposed strategy
in applications to large, sparse nonlinear systems.

Example 4.9. Let us consider a collection of 100 interconnected subsystems,
whose dynamics can be described as

Si : ẋi = Aiixi + hi(p, x) +Biui (i = 1, 2, . . . , 100) (4.106)

The vector xi = [xi1 xi2 xi3]T represents the state of the ith subsystem, which
is defined by

Aii =

⎡
⎣

0 1 0
0 0 1

−(1 + Δai1(xi)) −(1 + Δai2(xi)) −(1 + Δai3(xi))

⎤
⎦ (4.107)

Bi =

⎡
⎣

0
0
1

⎤
⎦ ; hi(p, x) =

⎡
⎣

0
0

hi3(p, x)

⎤
⎦ (4.108)

The terms Δaik(xi) in matrix Aii are introduced to model uncertainties within
the subsystems, which can be bounded as

|Δaik(xi)| ≤ | tan−1(xik)| k = 1, 2, 3 (4.109)

It is easily recognized that uncertainties of this type can lead to the instability
of matrix Aii.

We will initially assume that matrix A is block-diagonal, and that the cou-
pling between the subsystems occurs exclusively through the nonlinear terms
hi(p, x). For the sake of simplicity, this coupling will be limited to neighboring
subsystems (which means that any given Si will be affected only by Si−1 and
Si+1). Such an interaction can be formally described by the term

hi3(p, x) = pi,i−1(t, x)xi1xi−1,1 + pi,i+1(t, x)xi1xi+1,1 (4.110)
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where pik(t, x) are uncertain parameters that satisfy |pik(t, x)| ≤ 1 for all t and
x. Nonlinearities defined in this manner obviously conform to (4.36), and can
be bounded following the procedure outlined in Sect. 4.2.

Remark 4.10. Note that such a model allows for situations where one or more
subsystems become temporarily disconnected, which occurs when pi,i−1(t, x) =
pi,i+1(t, x) = 0. This means that the control must be designed to ensure the
connective stability of the overall system (e.g., Šiljak, 1978).

Remark 4.11. The assumption that matrix A is block-diagonal simplifies the
optimization, since the linear part of the system is guaranteed to be stable after
Step 1. This needn’t be the case if a linear coupling term εAC is added to the
model. We will subsequently consider that scenario as well, and examine the
correlation between the magnitude of parameter ε and the rank of matrix YQ.

In implementing the proposed design algorithm we chose ri = 2 (i =
1, 2, . . . , 100), and constructed matrix FD out of diagonal blocks of the form

Fi =
[

1 0 1
0 1 1

]
(4.111)

as suggested in (4.93). The corresponding LMI optimization was found to be
feasible with q = 10, which requires a total of

η(Y, LC) =
q(q + 1)

2
+

N∑
i=1

miri = 255 (4.112)

variables. This is considerably less than the

η(YD, LD) =
N∑

i=1

[
ni(ni + 1)

2
+mini

]
= 900 (4.113)

variables needed for a conventional LMI design with block-diagonal matrices YD

and LD.
The successive estimates of the region Ω(a) are summarized in Table 4.3. It

is interesting to note that the maximal set Ω∗ = {x : |xi| ≤ 0.126, (i = 1, 2, . . . ,
N)} obtained in this way is nearly twice as large as the region obtained using YD

and LD in the LMI optimization, although the latter procedure requires nearly
four times as many variables. This suggests that a block-diagonal Lyapunov
function yields a much more conservative estimate for the region of attraction
than the one based on Steps 1–7.

In concluding this section, we should also say a few words about the choice of
parameter q, which defines the dimension of matrix YQ and therefore plays a key
role in reducing the computational burden. Since q can be chosen in the range
1 ≤ q ≤ n − r, this number can be iteratively increased until the optimization
becomes feasible. In that respect, the proposed algorithm has some obvious
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Table 4.3 Iterative estimation of region Ω(a)

a(k) α(k)
0.010 1.46
0.050 1.24
0.100 1.03
0.126 1.00

Table 4.4 The dependency of q on ε
Range of ε Minimal feasible q

0.00 ≤ ε < 0.21 q = 10
0.21 ≤ ε < 0.37 q = 15
0.37 ≤ ε < 0.48 q = 20

similarities with Krylov space methods, which typically involve successive low
rank approximations (see e.g., Saad, 2003).

To evaluate how the minimal feasible value of q is affected by linear coupling
between the subsystems, we performed a number of numerical experiments in
which an additional perturbation term εAC was introduced into the model (as
noted earlier, terms of this type are typically encountered in systems that have
an epsilon decomposition). Matrix AC was chosen to have a random sparse
structure with elements |aC

ij | ≤ 1, and the scalar multiplier ε > 0 served as
a variable parameter whose numerical value reflects the strength of the linear
interconnections between the subsystems. The dependence of q on ε is shown
in Table 4.4 (to keep the computation as simple as possible, we did not exceed
q = 20 in our simulations).

The results shown in this table suggest that the dimension of YQ increases
with ε, but that this increase is relatively slow. This, of course, is only a tenta-
tive conclusion, which applies only to the system under consideration. Whether
or not such a property holds more generally will be the subject of future inves-
tigation. In this context, it will also be of interest to establish what effect (if
any) different nonzero patterns in matrix AC may have on the computation.

4.4 Exciter Control

As noted at the beginning of this chapter, there are many practical problems for
which we can guarantee only local stability of the equilibria. This is the case, for
example, with electric power systems, where the exciter dynamics are described
by nonlinearities that conform to the generalized bound (4.3). In designing con-
trol for such systems, we must take into account two fundamental requirements.
In the first place, the feedback laws must be decentralized, since only local mea-
surements are normally available to any given machine. Secondly, the control
needs to be robust, in the sense that it must guarantee satisfactory performance
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over a wide range of operating conditions and disturbances. This requirement is
particularly important in a deregulated environment, where the system tends to
be more stressed and the load distribution is virtually impossible to anticipate
(e.g., Ilić and Zaborszky, 2000).

The last decade has seen a number of new developments in the design of
robust power system control. Although the proposed methods include both de-
centralized turbine/governor (Qu et al., 1992; Jain and Khorrami, 1997; Jiang
et al., 1997; Wang et al., 1998; Šiljak et al., 2002) and decentralized exciter con-
trol designs (Chapman et al., 1993; King et al., 1994; Guo et al., 2000; Xie et al.,
2000), it is fair to say that the latter approach has received more attention, given
the relatively small time constants associated with the excitation system control
loop. Much of the recent work related to robust exciter control has been based
on the concept of direct feedback linearization, which transforms the original
nonlinear model into a linear one. After such a transformation, the control de-
sign becomes quite straightforward, but the implementation is complicated by
the fact that the resulting controller is nonlinear. Despite this difficulty, rela-
tively few attempts have been made to develop reliable techniques for designing
linear robust exciter control. Among these, it is of interest to mention the ap-
proach proposed in (Cai et al., 1996), where linear controller design is based on
Lyapunov’s method. A problem that arises in this context is associated with the
quadratic term in the model, which cannot be properly incorporated into the
analysis. In (Cai et al., 1996), this issue was resolved by performing a partial
linearization, which amounts to discarding the problematic term from the model.

In the following we will take a different approach to this problem, which is
based on the results presented in Sect. 4.1 and (Zečević et al., 2004). In order
to do this, we must first provide an appropriate mathematical description of
an n-machine power system with two axis generator models. The state space
representation for such a system has the form

δ̇i = ωi

Miω̇i = P 0
mi

− Pei −Diωi

T ′
d0i
Ėqi = −Eqi − (xdi − x′di

)Idi + Efdi

T ′
q0i
Ėdi = −Edi + (xqi − x′di

)Iqi

(4.114)

for i = 1, 2, . . ., n, with

Idi =
∑
k

[Gik cos δik +Bik sin δik]Edk
+

+
∑
k

[Gik sin δik −Bik cos δik]Eqk

(4.115)

Iqi =
∑
k

[Bik cos δik −Gik sin δik]Edk
+

+
∑
k

[Gik cos δik +Bik sin δik]Eqk

(4.116)
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and δik = δi − δk (a detailed description of all symbols and quantities can
be found in Sauer and Pai, 1998). In the following, we will assume that
Efdi = E0

fdi
+ ui and that the control has the form

ui = k1i(δi − δr
i ) + k2i(ωi − ωr

i ) + k3i(Eqi − Er
qi

)+

+k4i(Edi − Er
di

) (4.117)

where {δr
i , ω

r
i , E

r
qi
, Er

di
} represent user-defined reference values, and {k1i, k2i,

k3i, k4i} are the gains.
Defining new states {x1i, x2i, x3i, x4i} as deviations from the equilibrium

values
{
δe
i , ω

e
i , E

e
qi
, Ee

di

}
, the model in (4.114) can be rewritten in the form

ẋ1i = x2i

Miẋ2i = −Dix2i − ΔPei (x)

T ′
d0i
ẋ3i = −x3i − (xdi − x′di

)ΔIdi(x) + ui

T ′
q0i
ẋ4i = −x4i + (xqi − x′di

)ΔIqi (x)

(4.118)

where ΔIdi(x) = Idi(x) − Ie
di

, ΔIqi(x) = Iqi(x) − Ie
qi

, and

ΔPei(x) = (EdiIdi + EqiIqi) −
(
Ee

di
Ie
di

+ Ee
qi
Ie
qi

)
(4.119)

A straightforward algebraic manipulation of (4.115) and (4.116) allows us to
express ΔIdi(x) and ΔIqi (x) as

ΔIdi(x) = −Biix3i +Giix4i +
∑
k �=i

αik(δ)x4k+

+
∑
k �=i

βik(δ)x3k +
∑
k �=i

μik(δ) sin yik
(4.120)

and
ΔIqi (x) = Giix3i +Biix4i +

∑
k �=i

α̂ik(δ)x4k+

+
∑
k �=i

β̂ik(δ)x3k +
∑
k �=i

μ̂ik(δ) sin yik

(4.121)

where yik = (x1i − x1k)/2 and

αik(δ) = Gik cos δik +Bik sin δik

α̂ik(δ) = Bik cos δik −Gik sin δik
(4.122)

βik(δ) = Gik sin δik −Bik cos δik

β̂ik(δ) = Bik sin δik +Gik cos δik
(4.123)
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μik(δ) = 2
[
GikE

e
dk

−BikE
e
qk

]
sin (δe

ik + δik) /2

+2
[
GikE

e
qk

+BikE
e
dk

]
cos (δe

ik + δik) /2 (4.124)

μ̂ik(δ) = 2
[
BikE

e
dk

+GikE
e
qk

]
sin (δe

ik + δik) /2

+2
[
BikE

e
qk

−GikE
e
dk

]
cos (δe

ik + δik) /2 (4.125)

Defining constants

vik = G2
ik +B2

ik (4.126)

and

rik =
[
GikE

e
dk

−BikE
e
qk

]2 +
[
GikE

e
qk

+BikE
e
dk

]2 (4.127)

it is easily verified that

|αik(δ)|, |α̂ik(δ)|, |βik(δ)|, |β̂ik(δ)| ≤ √
vik (4.128)

and

|μik(δ)|, |μ̂ik(δ)| ≤ 2
√
rik (4.129)

for any δ.
After some manipulation, (4.119) can be expressed in the form

ΔPei(x) = x4iI
e
di

+ x3iI
e
qi

+ Ee
di

ΔIdi(x)+

+Ee
qi

ΔIqi (x) + x4iΔIdi(x) + x3iΔIqi (x)
(4.130)

Since the first two terms in (4.120), (4.121) and (4.130) are linear in x, we now
obtain an overall state model of the form

ẋi = Aixi +Biui +Gihi(x) (i = 1, 2, . . ., n) (4.131)

where

Bi =

⎡
⎢⎢⎣

0
0

1/T ′
d0i

0

⎤
⎥⎥⎦ (4.132)

Gi =

⎡
⎢⎢⎣

0 0 0 0
0 −1/Mi 0 0
0 0 −Δxdi/T

′
d0i

0
0 0 0 −Δxqi/T

′
q0i

⎤
⎥⎥⎦ (4.133)
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with Δxdi = xdi − x′di
and Δxqi = xqi − x′di

, respectively. Matrix Ai has the
structure

Ai =

⎡
⎢⎢⎣

0 1 0 0
0 a22 a23 a24

0 0 a33 a34

0 0 a43 a44

⎤
⎥⎥⎦ (4.134)

with elements
a22 = −Di/Mi

a23 = −
[
GiiE

e
qi
−BiiE

e
di + Ie

qi

]
/Mi

a24 = −
[
GiiE

e
di

+BiiE
e
qi + Ie

di

]
/Mi

a33 = −1/T ′
d0i

+BiiΔxdi/T
′
d0i

a34 = −GiiΔxdi/T
′
d0i

a43 = GiiΔxqi/T
′
q0i

a44 = −1/T ′
q0i

+BiiΔxqi/T
′
q0i

(4.135)

The nonlinear term hi(x) can be expressed as a vector hi(x) = [0 hi2(x) hi3(x)
hi4(x)]T , with components

hi2(x) =
∑
k �=i

λik(δ)x4k +
∑
k �=i

ρik(δ)x3k+

+
∑
k �=i

ξik(δ) sin yik + ψi(x)
(4.136)

hi3(x) =
∑
k �=i

αik(δ)x4k +
∑
k �=i

βik(δ)x3k+

+
∑
k �=i

μik(δ) sin yik
(4.137)

hi4(x) =
∑
k �=i

α̂ik(δ)x4k +
∑
k �=i

β̂ik(δ)x3k+

+
∑
k �=i

μ̂ik(δ) sin yik
(4.138)

The quantities λik(δ), ρik(δ) and ξik(δ) are defined as

λik(δ) = Ee
di
αik(δ) + Ee

qi
α̂ik(δ)

ρik(δ) = Ee
di
βik(δ) + Ee

qi
β̂ik(δ)

ξik(δ) = Ee
di
μik(δ) + Ee

qi
μ̂ik(δ)

(4.139)

and the term ψi(x) is given by

ψi(x) = x4iΔIdi(x) + x3iΔIqi (x) (4.140)

It is important to recognize at this point that ψi(x) is quadratic in x, and
therefore requires a bound of the form (4.3). To obtain such a bound, let us first
observe that the coefficients λik(δ), ρik(δ) and ξik(δ) in (4.139) satisfy
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|λik(δ)|, |ρik(δ)| ≤ √
wik

|ξik(δ)| ≤
√
c2ik + d2

ik = uik

(4.141)

where
wik =

[
GikE

e
dk

+BikE
e
qk

]2 +
[
BikE

e
dk

−GikE
e
qk

]2 (4.142)

and
cik = 2Ee

qk

[
GikE

e
qk

+BikE
e
dk

]
+

+2Ee
dk

[
GikE

e
dk

−BikE
e
qk

]

dik = 2Ee
qk

[
BikE

e
qk

−GikE
e
dk

]
+

+2Ee
dk

[
GikE

e
qk

+BikE
e
dk

]
(4.143)

Using bounds (4.128) and (4.129) in conjunction with (4.141), it can now be
shown that

hT
i (x)hi(x) ≤ xT

[
FT

i1 (Di1 + 2Di3)Fi1

]
x+

+xT
[
FT

i12φi(x)Di2Fi1 + 2φ2
i (x)F

T
i2Fi2

]
x

(4.144)

where
φi(x) =

∑
k �=i

√
vik (|x4k| + |x3k|) +

+
∑
k �=i

2
√
rik | sin(x1i − x1k)/2|

(4.145)

To see how matrices Dij(j = 1, 2, 3) and Fij(j = 1, 2) can be constructed,
let us consider the quadratic form xTA(x)y where x ∈ Rn, y ∈ Rm and A(x) is
an n×m matrix whose elements satisfy |aij(x)| ≤ āij , ∀ (i, j). It is easily verified
that any such form can be bounded as xTA(x)y ≤ zTDz where z = [xT yT ]T

and D is a diagonal (n+m) × (n+m) matrix with entries

dii =

⎧
⎪⎪⎨
⎪⎪⎩

n∑
j=1

āij , i = 1, . . ., n
m∑

j=1

āji, i = n+ 1, . . ., n+m
(4.146)

Using this result and the bounds obtained in (4.128), (4.129) and (4.141), we
now proceed to construct matrices Dij(j = 1, 2, 3) and Fij(j = 1, 2) that appear

in (4.144). To that effect, let us define a 1 × 3n vector Pi =
[
p
(i)
1 . . . p

(i)
3n

]
with

elements

p
(i)
k =

⎧⎨
⎩

√
wik,√
wi,k−n,

ui,k−2n,

1 ≤ k ≤ n
n+ 1 ≤ k ≤ 2n
2n+ 1 ≤ k ≤ 3n

(4.147)

and a matrix Mi = PT
i Pi, whose entries are denoted by m

(i)
kj . The diagonal

matrix Di1 is now formed as

d
(1)
kk =

3n∑
j=1

m
(i)
kj (4.148)
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and Di2 is a diagonal matrix with elements

d
(2)
kk =

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

p
(i)
k , k �= i, n+ i

p
(i)
k + 1

2

n∑
j=1

p
(i)
j , k = i

p
(i)
n+1 + 1

2

n∑
j=1

p
(i)
j , k = n+ i

(4.149)

To compute matrix Di3, we define a 1 × 3n vector Qi =
[
q
(i)
1 . . . q

(i)
3n

]
where

q
(i)
k =

⎧⎨
⎩

√
vik,√
vi,k−n,

2√ri,k−2n,

1 ≤ k ≤ n
n+ 1 ≤ k ≤ 2n
2n+ 1 ≤ k ≤ 3n

(4.150)

and a matrix Li = QT
i Qi, whose elements are denoted l(i)kj . The diagonal matrix

Di3 is then formed as

d
(3)
kk =

3n∑
j=1

l
(i)
kj (4.151)

In order to interpret matrices Fi1 and Fi2, we should first note that the state
vector in (4.118) has the form

x = [x11 x21 x31 x41 . . . x1n x2n x3n x4n]T (4.152)

If we now introduce vectors x3 = [x31 . . . x3n]T , x4 = [x41 . . . x4n]T and yi =
[yi1 . . . yin]T (with yik = (x1i − x1k)/2, as defined in (4.120) and (4.121)),
matrices Fi1 and Fi2 are uniquely determined by the relationships

⎡
⎣
x3

x4

yi

⎤
⎦ = Fi1x ;

[
x3i

x4i

]
= Fi2x (4.153)

The LMI-based control design proposed in the previous sections was applied
to the IEEE 39 bus system (Pai, 1989), with ‖K‖ ≤ 650 as a constraint on the
gain sizes. Two axis generator models with IEEE Type I exciters were used in
all the simulations, with field voltage limits −3 ≤ Efdi ≤ 6 (i = 1, 2, . . . , n). In
our experiments we considered a variety of short circuit faults, and simulated
the transient responses and critical clearing times. Different fault locations were
modeled using the scalar quantity σ, which represents the fraction of the trans-
mission line between the lower-numbered bus and the fault. In all cases, the
following fault sequence was assumed:

(1) The system is in the pre-fault state.
(2) The fault occurs at t = 0.1 s.
(3) The fault is cleared by removing the line.
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In Figs. 4.1–4.4 we show the four states corresponding to generator 8 for a
fault on line (25, 26) with σ = 0.05 (the fault was cleared after 0.15 s). These
responses indicate that the proposed exciter control performs well from the
standpoint of transient stability. The terminal voltage Vt and the field voltage
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Fig. 4.6 Field voltage Efd of generator 8

Efd associated with generator 8 are provided in Figs. 4.5 and 4.6, respectively.
It should be noted that Vt remains within 10% of its pre-fault value V 0

t =
1.0278 after the fault is cleared; the voltage is restored to its nominal value after
approximately 4 s. This is an important performance measure, since terminal
voltage regulation is the principal function of exciter control.
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Chapman, J., M. Ilić, D. King, C. Eng and H. Kaufman (1993). Stabilizing a
multimachine power system via decentralized feedback linearizing excita-
tion control. IEEE Transactions on Power Systems, 8, 830–839.

Chesi, G. (2004a). Computing output feedback controllers to enlarge the domain
of attraction in polynomial systems. IEEE Transactions on Automatic Con-
trol, 49, 1846–1850.

Chesi, G. (2004b). Estimating the domain of attraction for uncertain polynomial
systems. Automatica, 40, 1981–1986.

Chesi, G. (2009). Estimating the domain of attraction for non-polynomial sys-
tems via LMI optimizations. Automatica, 45, 1536–1541.

Chesi, G., A. Garulli, A. Tesi and A. Vicino (2004). Robust analysis of LFR sys-
tems through homogeneous polynomial Lyapunov functions. IEEE Trans-
actions on Automatic Control, 49, 1211–1216.

Chiang, H-D. and J. S. Thorp (1989). The closest unstable equilibrium point
method for power system dynamic security assessment. IEEE Transactions
on Circuits and Systems I, 36, 1187–1200.

Chiang, H-D. and L. Fekih-Ahmed (1996). Quasi-stability regions of nonlinear
dynamical systems: Optimal estimations. IEEE Transactions on Circuits
and Systems I, 43, 636–643.

Cruck, E., R. Moitie and N. Suebe (2001). Estimation of basins of attraction
for uncertain systems with affine and Lipschitz dynamics. Dynamics and
Control, 11, 211–227.



140 BIBLIOGRAPHY

Genesio, R., M. Tartaglia and A. Vicino (1985). On the estimation of asymptotic
stability regions: State of the art and new proposals. IEEE Transactions
on Automatic Control, 30, 747–755.

Gomes da Silva, J. M. and S. Tarbouriech (2003). Anti-windup design with
guaranteed regions of stability: An LMI-based approach. Proceedings of the
42nd IEEE Conference on Decision and Control, Maui, HI, 4451–4456.

Gruyitch, L. T., J-P. Richard, P. Borne and J-C. Gentina (2003). Stability Do-
mains. CRC Press, Boca Raton, FL.

Guo, G., Y. Wang and D. Hill (2000). Nonlinear output stabilization control for
multimachine power systems. IEEE Transactions on Circuits and Systems,
47, 46–53.

Henrion, D., S. Tarbouriech and G. Garcia (1999). Output feedback stabilization
of uncertain linear systems with saturating controls: An LMI approach.
IEEE Transactions on Automatic Control, 44, 2230–2237.

Hu, T. and Z. Lin (2005). Convex analysis of invariant sets for a class of nonlinear
systems. Systems and Control Letters, 54, 729–737.
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Chapter 5

Parametric Stability

Mathematical descriptions of large-scale systems often include a set of
parameters whose values cannot be predicted with any precision. Ensuring
stability in the presence of such uncertainties is a fundamental theoretical prob-
lem, which has lead to the development of numerous robust control strategies.
Given the wealth of existing results in this field, it is fair to say that even a
superficial overview would clearly exceed the scope of this book. In view of that,
we will focus our attention on two specific issues that are related to parametric
stability – the existence of moving equilibria and the design of parametrically-
dependent control laws. In the following sections we will consider these problems
in some detail, and will show how they can be resolved in the framework of
linear matrix inequalities. For the sake of clarity, we will examine only smaller
systems, with the understanding that this approach can be easily extended to
large-scale problems along the lines proposed in Chaps. 2 and 3.

We begin with several brief observations regarding the existence and stabil-
ity of equilibria in nonlinear dynamic systems. In the analysis of such systems,
it is common practice to treat these two properties separately. Establishing the
existence of an equilibrium usually involves the solution of a system of nonlin-
ear algebraic equations, using standard numerical techniques such as Newton’s
method (e.g., Ortega and Rheinboldt, 1970). Once the equilibrium of interest
is computed, it is translated to the origin by an appropriate change of vari-
ables. Stability properties and feedback design are normally considered only
after such a transformation has been performed. This two-step methodology
has been widely applied to systems that contain parametric uncertainties, and
virtually all control schemes developed along these lines implicitly assume that
the equilibrium remains fixed at the origin for the entire range of parameter
values (e.g., Šiljak, 1969, 1989; Ackermann, 1993; Barmish, 1994; Bhattacharya
et al., 1995).

It is important to note, however, that there are many practical applications
where the fixed equilibrium assumption is not realistic. In fact, it is often the
case that variations in the system parameters result in a moving equilibrium,
whose stability properties can vary substantially. Under certain conditions, the
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equilibrium could even disappear altogether, as in the case of heavily stressed
electric power systems (Kwatny, et al., 1986; Fink, 1994; Zečević and Miljković,
2002).

In evaluating the dynamic properties of such systems, it is convenient to use
the concept of parametric stability, which simultaneously captures the existence
and the stability of a moving equilibrium (Šiljak, 1978; Ikeda et al., 1991; Ohta
and Šiljak, 1994; Wada et al., 2000; Leonessa et al., 2000; Zečević and Šiljak,
2003). This concept has been formulated in (Ikeda et al., 1991), where a general
nonlinear dynamic system

Sp : ẋ = f(x, p) (5.1)

was considered, with the assumption that a stable equilibrium state xe(p∗) ∈ Rn

corresponds to the nominal parameter value p = p∗ ∈ Rl.

Definition 5.1. System (5.1) is said to be parametrically stable at p∗ if there
is a neighborhood Ω(p∗) ⊂ Rl such that

(i) An equilibrium xe(p) ∈ Rn exists for any p ∈ Ω(p∗).

(ii) Equilibrium xe(p) is stable for any p ∈ Ω(p∗).

With this definition in mind, our main objective in the following will be
to develop a strategy for the parametric stabilization of nonlinear systems. The
approach that we will propose combines two different optimization techniques to
produce a robust control that allows for unpredictable equilibrium shifts due to
parametric variations. The resulting controller is linear, and the corresponding
gain matrix is obtained using linear matrix inequalities. The reference input
values, on the other hand, are computed by a nonlinear constrained optimization
procedure that takes into account the sensitivity of the equilibrium to parameter
changes.

5.1 Parametric Stabilization Using LMIs

Let us consider a nonlinear system of the form

Sp : ẋ = Ax+ h(x, p) +Bu (5.2)

where p ∈ Rl represents an uncertain parameter vector, and the control has the
general form

u = r +K(x− xr), (5.3)

in which r and xr denote user-defined reference values. Unlike the conventional
approach to stability under parametric uncertainty, we will allow for the possi-
bility that h(0, p) �= 0 for some values of p, which implies that the equilibrium
of the closed-loop system need not be confined to the origin. To develop an
appropriate mathematical framework for this type of problem, let us introduce
a new state vector y, defined as the deviation of state x from the equilibrium
xe(p)

y = x− xe(p). (5.4)



5.1. PARAMETRIC STABILIZATION USING LMIS 145

Since the equilibrium must satisfy

Axe(p) + h(xe(p), p) +B [r +K(xe(p) − xr)] = 0 (5.5)

it is straightforward to show that the proposed change of variables eliminates
reference vectors r and xr from the model, producing a closed-loop system

SK : ẏ = (A+BK)y + g(xe(p), p, y) (5.6)

with
g(xe(p), p, y) = h(xe(p) + y, p) − h(xe(p), p) (5.7)

At this point, we will need to introduce three key assumptions.

Assumption 1. The variation of parameter p is limited to a ball Ω centered
around some nominal value p∗,

Ω =
{
p ∈ Rl | ‖p− p∗‖ ≤ ρ

}
. (5.8)

Assumption 2. The closed-loop equilibrium xe(p) is a continuous function of
p for all p ∈ Ω. Its nominal value, xe(p∗), will be denoted in the following by x∗.

Assumption 3. The function g(xe(p), p, y) can be bounded in such a way that
inequality

g(xe(p), p, y)T g(xe(p), p, y) ≤ yTHT (xe(p), p)H(xe(p), p)y (5.9)

holds for some matrix H(xe(p), p) whose elements are continuous function of
xe(p) and p.

If Assumptions 1–3 hold, it can be shown that there always exists a constant
α > 0 such that

yTHT (xe(p), p)H(xe(p), p)y ≤ α2 yTH(x∗, p∗)TH(x∗, p∗)y (5.10)

for any p ∈ Ω, provided that matrix H(x∗, p∗) is nonsingular. Under such cir-
cumstances, matrix H(x∗, p∗) can be used in place of H in Problem 2.3. If the
optimization is feasible, we can guarantee that the solutions of (5.6) will satisfy
y(t; t0, y0) → 0 (t → ∞) for all y0 ∈ Rn, provided that the parameter vector p
remains confined to set Ω. We should also note that if H(xe(p), p) is a diagonal
matrix, it is possible to obtain an explicit estimate of region Ω.

Before proceeding any further, it is important to recognize a potential
problem that arises in the determination of the nominal equilibrium point x∗.
Namely, from (5.5) it follows that x∗ depends on r, xr and K. On the other
hand, the construction of matrix H(x∗, p∗) (and, therefore, the computation of
K as well) requires prior knowledge of x∗. To avoid this circularity, we propose
to determine the reference input xr in the following way:

STEP 1. Fix r and p∗, and solve

Ax+ h(x, p∗) +Br = 0 (5.11)
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for x∗. This can be done using Newton’s method, under relatively mild assump-
tions on h (e.g., Ortega and Rheinboldt, 1970).

STEP 2. Set xr = x∗. In that case, x∗ will be the equilibrium of the closed
loop system

ẋ = Ax+ h(x, p∗) +B [r +K(x− x∗)] (5.12)

for any choice of K.

The following simple example serves to illustrate the main ideas behind the
proposed approach (Zečević and Šiljak, 2003).

Example 5.2. Let us consider the system

ẋ1 = 3x1 + x2 + x1 sinx2 + p− 2 + u

ẋ2 = −x1 + 0.5x2 + sin2 x1 + p− 3 + u
(5.13)

in which the nonlinear term

h(x, p) =

[
x1 sinx2 + p− 2

sin2 x1 + p− 3

]
(5.14)

depends on an uncertain scalar parameter p. Since such a nonlinearity satisfies
h(0, p) �= 0 in general, the system equilibria will obviously change as the param-
eter varies. For the sake of simplicity, in the following we will assume that r = 0
and p∗ = 0, which yields a nominal equilibrium x∗ = [−0.7094 3.7328]T . It is
easily verified that this equilibrium is unstable in the absence of control.

Using the trigonometric identity

sinβ − sin γ = 2 cos(
β + γ

2
) sin(

β − γ

2
) (5.15)

it can be shown that the components of g(xe(p), p, y) satisfy

g1(xe(p), p, y) = 2xe
1(p) cos(xe

2(p) + y2/2) sin(y2/2) + y1 sin(xe
2(p) + y2)

g2(xe(p), p, y) = sin(2xe
1(p) + y1) sin(y1)

(5.16)
This function can now be bounded as proposed in (5.9), using matrix

H(xe(p), p) =

⎡
⎣ [2 (1 + |xe

1(p)|)]
1/2 0

0
[
|xe

1(p)|
2 + 0.5 |xe

1(p)|
]1/2

⎤
⎦ (5.17)

Observing that x∗1 = −0.7094, we obtain H11(x∗, p∗) = 1.849 and H22(x∗, p∗) =
0.926, respectively. Setting ‖K‖ ≤ 25 as a desired bound on the gain norm,
Problem 2.3 with H = H(x∗, p∗) now produces α = 1.25 and K = [−22.3 9.2].

In order to determine an appropriate set Ω for which (5.10) holds, we should
first observe that
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α2H(x∗, p∗)TH(x∗, p∗) =
[

3.419α2 0
0 0.858α2

]
(5.18)

As a result, the elements of matrix H(xe(p), p) defined in (5.17) must satisfy
the following pair of inequalities

H2
11(x

e(p), p) = 2 (1 + |xe
1(p)|) ≤ 3.419α2

H2
22(x

e(p), p) = |xe
1(p)|

2 + 0.5 |xe
1(p)| ≤ 0.858α2

(5.19)

It is easily established that for α = 1.25 (5.19) hold when |xe
1(p)| ≤ 0.9345,

and that |xe
1(p)| = 0.9345 for p = −17.4. We can therefore conclude that

Ω = {p : |p| ≤ 17.4}, and that equilibrium xe(p) of the closed-loop system
(5.6) will be stable as long as p ∈ Ω.

5.2 Selection of the Reference Input

In Example 5.2, the reference input r was chosen arbitrarily. It should be noted,
however, that this quantity provides an additional degree of freedom in the
design, and some effort should be made to choose it in a systematic manner.
The following observations will prove to be helpful in identifying the objectives
that an optimal choice of r ought to achieve.

Remark 5.3. The design proposed in this section assumes that Problem 2.3 is
feasible. To ensure this, it is desirable to choose x∗ so that ‖H(x∗, p∗)‖ is as small
as possible. Our simulations have also shown that a reduction in ‖H(x∗, p∗)‖
generally results in a larger value for α, given a fixed bound on the gain norm.

Remark 5.4. In Example 5.2 it was established that ifH(xe(p), p) is a diagonal
matrix with entries Hii(xe(p), p), the stability region Ω in the parameter space
can be estimated using inequalities

Hii(xe(p), p) ≤ α2Hii(x∗, p∗) i = 1, 2, . . ., n (5.20)

From that standpoint, a larger α will clearly allow for a larger range of permis-
sible values for xe(p). It should be noted, however, that an improved range for
xe(p) does not automatically guarantee a corresponding increase in the size of Ω.
For this to be the case, it is also necessary for the sensitivity matrix ∂xe(p)/∂p
to be appropriately bounded.

In view of the above remarks, we now propose a strategy for selecting a
reference input r that minimizes ‖H(x∗, p∗)‖ while imposing certain constraints
on the sensitivity of the equilibrium. We begin by observing that the equilibrium
xe(p) represents the solution of system

Ax+ h(x, p) +Br +BK(x− x∗) = 0 (5.21)

It is clear from (5.21) that xe(p) implicitly depends on the choice of reference
input r. Differentiating (5.21) with respect to p, we now obtain the following
expression for the sensitivity of the equilibrium
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ξ(p,K) =
∂xe(p)
∂p

= −
[
(A+BK) +

∂h

∂x

]−1
∂h

∂p
(5.22)

Ideally, one would like to determine a value for r that minimizes ‖ξ(p,K)‖ over
the widest possible range of parameter values. Since this is a difficult problem,
in the following we will take a more pragmatic approach and focus on the special
case when p takes its nominal value p∗. The sensitivity vector that corresponds
to p∗ can be expressed as

ξ∗(K) = ξ(p∗,K) = −J(K)−1 ∂h

∂p

∣∣∣∣
p∗

(5.23)

where J(K) is the Jacobian

J(K) = A+BK +
∂h

∂x

∣∣∣∣
(x∗, p∗)

(5.24)

It is important to recognize in this context that input r cannot be used to
minimize ‖ξ∗(K)‖ directly, since the gain matrix K is not known at the time
when r is computed; this is evident from (5.11) and (5.12), and the related
discussion. In order to address this problem, let us observe that the sensitivity
vector without control satisfies

ξ∗(0) = −J(0)−1 ∂h

∂p

∣∣∣∣
p∗

(5.25)

Utilizing the Sherman–Morrison formula, we now obtain

ξ∗(K) =
[
I −Q (Im +KQ)−1

K
]
ξ∗(0) (5.26)

where Q = J(0)−1B and Im is an m × m identity matrix (m represents the
number of inputs in the system). In most practical problems m � n, so the
matrix inversion in (5.26) can be performed easily.

It is clear from (5.24) and (5.25) that the sensitivity matrix ξ∗(0) depends
only on the nominal equilibrium x∗, which can be modified by an appropriate
selection of r. The same holds true for matrix H(x∗, p∗). With that in mind, a
logical design strategy would be to determine an input r that simultaneously
minimizes ‖H(x∗, p∗)‖ and ‖ξ∗(0)‖. In this way, we would indirectly bound
‖ξ∗(K)‖ as well, by virtue of (5.26). The computation of such an r can now be
formulated as the following constrained optimization problem:

Problem 5.5. Minimize Φ(x∗) = c1 ‖ξ∗(0)‖ + c2 ‖H(x∗, p∗)‖ subject to:
[
A+

∂h

∂x

]
ξ∗(0) +

∂h

∂p
= 0 (5.27)

Ax+ h(x, p∗) +Br = 0 (5.28)

Hii(x∗, p∗) > 0.1 i = 1, 2, . . ., n (5.29)
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The positive weighting factors c1 and c2 in the cost function Φ(x∗) are to
some extent problem dependent, and reflect the relative importance of min-
imizing ‖H(x∗, p∗)‖ and satisfying the sensitivity constraints. The additional
constraints in (5.29) are included to prevent matrix H(x∗, p∗) from becoming
singular, which could render the LMI optimization infeasible.

The optimization described by (5.27)–(5.29) should be the first step in the
design process. The following example demonstrates how such an approach can
enhance the parametric stability of the system.

Example 5.6. Let us once again consider the nonlinear system (5.13), for which
(5.27) and (5.28) take the form

(3 + sinx2) ξ1 + (1 + x1 cosx2) ξ2 + 1 = 0

(sin 2x1 − 1) ξ1 + 0.5ξ2 + 1 = 0
(5.30)

and
3x1 + x2 + x1 sinx2 − 2 + r = 0

−x1 + 0.5x2 + sin2 x1 − 3 + r = 0
(5.31)

(the terms ξ1 and ξ2 in (5.30) represent the two components of vector ξ∗(0)).
The optimization procedure with weighting factors c1 = 1 and c2 = 5 produces
r = 2.6071 and a nominal equilibrium x∗ = [−0.2463 0.1745]T . Since the value
of x∗ is now different from the one in Example 5.2, Problem 2.3 needs to be
resolved, this time with

H(x∗, p∗) =
[

1.5788 0
0 0.4287

]
(5.32)

Using ‖K‖ ≤ 25 as a constraint, we obtain α = 1.95 and K = [−23.3 9.1],
respectively. It should be noted that the value of α is considerably larger than
the one obtained in Example 5.2 for the same bound on ‖K‖. In this case,
inequalities

2 (1 + |xe
1(p)|) ≤ α2H2

11(x
∗, p∗) = 9.478

|xe
1(p)|

2 + 0.5 |xe
1(p)| ≤ α2H2

22(x
∗, p∗) = 0.6988

(5.33)

imply that the system is stable whenever |xe
1(p)| ≤ 0.6225.

To see what this means from the standpoint of parametric stability, it suffices
to observe that the critical parameter value is p = −40.5 for the optimized case,
compared to p = −17.4 for the case when r = 0. This indicates a significant
improvement in the size of the stability region in the parameter space, which is
due to the choice of the reference input.

5.3 Parametrically-Dependent Control Laws

It is reasonable to expect that the dynamic properties of the system can be
improved by allowing the constants r, xr and K in (5.3) to be functions of p. We
should point out, however, that designing such parametrically-dependent control
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laws is by no means easy. There are actually relatively few theoretical results
along these lines, and many practical implementations are still based on heuristic
curve-fitting and a knowledge of the physical properties of the system. Among
these techniques, perhaps the most successful one has been the gain scheduling
method (Shamma and Athans, 1990, 1992; Rugh, 1991; Packard, 1994; Lawrence
and Rugh, 1995; Stilwell and Rugh, 2000). In this approach, one or more signals
(or states) are identified as scheduling variables, which are monitored for control
purposes; the feedback law is then formulated as an explicit function of these
variables.

To illustrate some of the difficulties associated with conventional gain
scheduling, let us consider a class of nonlinear systems described by the differ-
ential equations

Sp : ẋ = Ax+ h(x) +Bu+Gp(t) (5.34)

where x(t) ∈ Rn is the state of the system, u(t) ∈ Rm is the input vector,
and p(t) is a scalar scheduling variable. Matrices A, B and G are constant with
dimensions n × n, n × m and n × 1, respectively, while h : Rn → Rn is a
piecewise-continuous nonlinear function in x. In the following, we will assume
that p(t) varies in a stepwise manner, with sufficiently large intervals between
successive changes. Such an assumption results in a quasi-static model, in which
the evolution of the system can be described in terms of a sequence of equilibria.

We will now introduce a control law for system (5.34) of the form

u(t, p) = r(p) +K(p)[x(t) − xe(p)] (5.35)

where r(p) and xe(p) are parametrically-dependent vectors that are computed
by solving the algebraic system

Axe(p) + h(xe(p)) +Br(p) +Gp = 0

λ(p) = ϕ(xe(p), r(p), p)
(5.36)

The first set of equations in (5.36) ensures that xe(p) is the closed-loop equilib-
rium that corresponds to a particular value of p, while the second set is known
as the output trim condition (functions λ(p) and ϕ(xe(p), r(p), p) are usually
preassigned). Setting y = x − xe(p), the closed-loop system can be linearized
around xe(p) as

ẏ = [A(p) +BK(p)]y (5.37)

where

A(p) = A+
∂h

∂x

∣∣∣∣
xe(p)

(5.38)

The local stability of such a system is obviously guaranteed if matrix A(p) +
BK(p) has eigenvalues in the left half-plane for all values of p in the region of
interest.

Although this approach provides a systematic way for constructing para-
metrically dependent controllers, it is important to recognize that it has at least
two major disadvantages. The first is that the control law (5.35) requires explicit
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expressions for xe(p), r(p) and K(p), which are difficult (if not impossible) to
derive in most cases. It is, of course, possible to compute these quantities for
a discrete set of points p1, p2, . . . , pn, and construct functions x̂e(p), K̂(p) and
r̂(p) using interpolation. If we do that, however, special care must be taken
to use an interpolation method that guarantees stability for all intermediate
points. Another problem that arises in this context stems from the fact that
K(p) is obtained from a system that is linearized around equilibrium xe(p). As
a result, the corresponding control law is necessarily local, and it is not possible
to guarantee stability for large discontinuous changes in p.

To see how these issues can be resolved, let us consider the following variant
of system (5.13)

ẋ1 = −x1 + x2 + x1 sinx2 − 2 + p(t)

ẋ2 = −x1 + 0.5x2 + sin2 x1 − 3 + u
(5.39)

in which p(t) now plays the role of a scalar scheduling variable, and the nonlinear
term is given as

h(x) =

[
x1 sinx2 − 2

sin2 x1 − 3

]
(5.40)

Applying the methodology used in Example 5.6, it is not difficult to obtain
a fixed control law of the form (5.3). In this particular case, the values for
r, xr and K turn out to be r = 1.8302, xr = [−0.1531 1.9869]T and K =
[−27.43 − 6.29], respectively. Such a feedback law produces α = 2.3, which
implies that equilibrium xe(p) will be stable when |xe

1(p)| ≤ 0.52. This condition
is satisfied in the interval −2.6 ≤ p ≤ 4.5, and the design procedure ensures that
p(t) can vary discontinuously within this range with no adverse effects to the
system.

We now turn our attention to ways of improving this result by allowing r, xr

and K to be functions of p. To that effect, let us once again consider the system
(5.39), but this time with the added assumption that p(t) varies discontinuously
in the range −5 ≤ p(t) ≤ 5. It is readily observed that the fixed control law
obtained above will be inadequate in this case, since it guarantees stability only
for −2.6 ≤ p ≤ 4.5. A natural way to resolve this problem would be to repeat
the design procedure for p∗ = −2.5 and p∗ = 2.5, which leads to a piecewise-
constant control law. The results obtained in this manner are summarized in
Table 5.1, and the evolution of the corresponding closed-loop equilibrium xe

1(p)
is shown in Fig. 5.1.

The graph shown in Fig. 5.1 clearly indicates that the required bounds for
|xe

1(p)| are satisfied in each of the regions. It is also interesting to observe that the
three gain matrices are very similar, and that only r and xr vary significantly.
In such cases, it is usually appropriate to use a fixed K instead of K(p) (matrix
K can be computed as the average over the different regions).

A potential problem with this approach are the discontinuities in xe(p),
which could lead to abrupt changes in the system dynamics. In order to address
this issue, we propose to smooth out functions r(p) and xr(p) as
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Table 5.1 Design parameters for different regions
Region 1 Region 2 Region 3

−5 ≤ p < −2.5 −2.5 ≤ p ≤ 2.5 2.5 < p ≤ 5
r = 0.649 r = 1.83 r = 3.04

xr = [−0.269 4.024]T xr = [−0.153 1.987]T xr = [−0.471 − 1.438]T

K = [−29.14 − 7.43] K = [−27.43 − 6.29] K = [−28.32 − 8.07]
α = 2.0 α = 2.3 α = 1.54

|xe
1(p)| ≤ 1.12 |xe

1(p)| ≤ 0.52 |xe
1(p)| ≤ 1.04
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Fig. 5.1 Equilibrium xe
1(p) as a function of p

r(p) = β(p)r(p1) + (1 − β(p))r(p2)

xr(p) = β(p)xr(p1) + (1 − β(p))xr(p2)
(5.41)

where p1 represents the point where the smoothing begins, p2 represents the
endpoint, and β is defined as

β =
p− p1

p1 − p2
(5.42)

In this particular example we used p1 = −1 and p2 = −2.5 to eliminate the
discontinuity at p = −2.5, and the discontinuity at p = 2.5 was accounted for
by setting p1 = 0 and p2 = 2.5. The evolution of the resulting xe

1(p) is shown in
Fig. 5.2, indicating that the equilibrium is now a continuous function of p.

Remark 5.7. In principle, the same type of procedure could be used to smooth
out function K(p) as well. However, this is necessary only when the variations
in K from one region to another are significant.
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Fig. 5.2 Equilibrium xe
1(p) after smoothing
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Fig. 5.3 The test function p(t)

To test the validity of the proposed control, we considered the piecewise-
constant function p(t) shown in Fig. 5.3, which includes a discontinuous transi-
tion from p = 5 to p = −5. The open-loop responses are provided in Figs. 5.4
and 5.5, while the closed-loop trajectories are given in Figs. 5.6 and 5.7. It is
clear from these figures that the proposed control strategy secures stability for
large discontinuous variations of the scheduling variable within the specified
range.
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Fig. 5.4 Evolution of x1(t) without control
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Fig. 5.5 Evolution of x2(t) without control

Remark 5.8. In comparing this approach with conventional gain scheduling,
we should point out that the proposed design procedure needs to be executed for
only a few nominal values of p∗i (the exact number will depend on the system and
the desired range for p(t)). It is also important to recognize that all necessary
computations for constructing such feedback laws can be performed off-line.
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Fig. 5.6 Evolution of x1(t) with the proposed control
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Fig. 5.7 Evolution of x2(t) with the proposed control

5.4 Extensions to a General Class

of Nonlinearities

An important extension of the proposed method arises when assumption (5.9)
does not hold, but a more general bound of the form

g(xe(p), y)T g(xe(p), y) ≤ yTHT (xe(p), y)H(xe(p), y)y (5.43)

can be established (Zečević, 2004). In this case, the elements of H(xe(p), y) in
(5.43) are allowed to be unbounded functions of y, and our only assumption is
that there exists a matrix D(xe(p)) and a region Θ ⊂ Rn such that
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g(xe(p), y)T g(xe(p), y) ≤ yTDT (xe(p))D(xe(p))y, ∀y ∈ Θ (5.44)

In order to analyze such systems, let us define a function ĝ : Rn → Rn

ĝ(xe(p), y) =
{

g(xe(p), y), y ∈ Θ
ψ(xe(p), y), y /∈ Θ (5.45)

where

ψ(xe(p), y)Tψ(xe(p), y) ≤ yTDT (xe(p))D(xe(p))y, ∀y ∈ Rn (5.46)

From the construction of ĝ(xe(p), y) it clearly follows that inequality

ĝ(xe(p), y)T ĝ(xe(p), y) ≤ yTDT (xe(p))D(xe(p))y (5.47)

holds for any y ∈ Rn, which is consistent with the requirement in (5.9). The
corresponding dynamic system can therefore be stabilized in the manner de-
scribed in the previous section, using D(x∗) in place of H in Problem 2.3. The
closed-loop system

ẏ = (A+BK)y + ĝ(xe(p), y) (5.48)

is then guaranteed to be stable for all p that satisfy

yTDT (xe(p))D(xe(p))y ≤ α2yTDT (x∗)D(x∗)y (5.49)

The LMI procedure also produces a Lyapunov function

V (y) = yTPy (5.50)

which allows us to define a collection of sets

Πy(σ) =
{
y : yTPy ≤ σ

}
(5.51)

Denoting the largest set that satisfies Πy(σ) ⊂ Θ by Πy(σ0), it now follows that
solutions y(t; t0, y0) of (5.48) originating at y0 ∈ Πy(σ0) must remain in the set
Πy(σ0) at all times (e.g. Šiljak, 1978). Any such trajectory y(t) = y(t; t0, y0)
satisfies

ĝ(xe(p), y(t)) = g(xe(p), y(t)), ∀t (5.52)

by definition, and is therefore a solution of the closed loop system

ẏ = (A+BK)y + g(xe(p), y) (5.53)

as well. We can thus conclude that matrix K obtained in this way stabilizes
system (5.53) locally, for all initial conditions y0 ∈ Πy(σ0) and all values of
p that satisfy (5.49). Along these lines, we should also note that the stability
region for the original state vector x actually depends on p. Indeed, from (5.51)
it directly follows that

Πx(σ0, p) =
{
x : (x− xe(p))TP (x− xe(p)) ≤ σ0

}
(5.54)
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If matrix H(xe(p), y) is diagonal, it is possible to explicitly estimate the
stability region Ω for which (5.49) holds. To see this, let us assume that there
exist functions dii(xe(p)) such that

Hii(xe(p), y) ≤ dii(xe(p)), ∀y ∈ Θ, i = 1, 2, . . ., n (5.55)

Forming a diagonal matrix D(xe(p)) with elements dii(xe(p)) and setting H =
D(x∗) in Problem 2.3, we will obtain a gain matrix K and a corresponding value
for α. If α > 1, region Ω can be estimated by solving n independent optimization
problems of the form:

Problem 5.9. Minimize ρi = |p− p∗| , subject to

d2
ii(x

e(p)) > α2d2
ii(x

∗) (5.56)

Ax+ h(x) +Br +BK(x− x∗) +Gp = 0 (5.57)

Setting ρ0 = mini ρi, we can identify the minimal set Ω(ρ0) = {p : |p− p∗| ≤ ρ0}
for which at least one of the inequalities

d2
ii(x

e(p)) ≤ α2d2
ii(x

∗) i = 1, 2, . . ., n (5.58)

is violated. Condition (5.58) is then guaranteed to hold for any Ω(ρ) with ρ < ρ0.
The requirement for H(xe(p), y) to be diagonal is realistic for a broad class

of nonlinear systems. As an illustration, let us consider the case when g(xe(p), y)
has the form

g(xe(p), y) = M(xe(p), y)y (5.59)

where M(xe(p), y) is an n × n functional matrix. Defining C = MTM and
denoting its elements by cij(xe(p), y), it is easily verified that

g(xe(p), y)T g(xe(p), y) ≤ yTHT (xe(p), y)H(xe(p), y)y (5.60)

where H(xe(p), y) is any diagonal matrix whose entries satisfy

Hii(xe(p), y) ≥

⎛
⎝

n∑
j=1

|cij(xe(p), y)|

⎞
⎠

1/2

(5.61)

The following example demonstrates how the generalizations introduced in
this section can be applied.

Example 5.10. Let us consider the system

ẋ1 = 3x1 + x2 + x1x2 + u

ẋ2 = −x1 + x2
2 + u+ p(t)

(5.62)
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in which the nonlinear term has the form

h(x) =

[
x1x2

x2
2

]
(5.63)

In this case, the function g(xe(p), y) = h(xe(p)+y)−h(xe(p)) can be expressed as

g(xe(p), y) =
[
xe

2(p) + y2 xe
1(p)

0 2xe
2(p) + y2

] [
y1
y2

]
(5.64)

and it is easily verified that

g(xe(p), y)T g(xe(p), y) ≤ yTHT (xe(p), y)H(xe(p), y)y (5.65)

where H(xe(p), y) is a diagonal matrix whose entries are given by

H11(xe(p), y) =
{[

|xe
2|

2 + |xe
1| |xe

2| + 2 |xe
2| |y2| + |xe

1| |y2| + y2
2

]}1/2

H22(xe(p), y) =
{[

|xe
1|

2 + |xe
1| |xe

2| + |xe
1| |y2|

]
+
[
4 |xe

2|
2 + 4 |xe

2| |y2| + y2
2

]}1/2

(5.66)

Let us now consider a region Θ in the state space, defined as

Θ = {y : y1 ∈ R, |y2| ≤ 1} (5.67)

In this region

H11(x
e(p), y) ≤ d11(x

e(p)) =
{[

|xe
2|2 + |xe

1| |xe
2| + 2 |xe

2| + |xe
1| + 1

]}1/2

H22(x
e(p), y) ≤ d22(x

e(p)) =
{[

|xe
1|2 + |xe

1| |xe
2| + |xe

1|
]

+
[
4 |xe

2|2 + 4 |xe
2| + 1

]}1/2

(5.68)

and therefore

g(xe(p), y)T g(xe(p), y) ≤ yTD(xe(p))TD(xe(p))y, ∀y ∈ Θ (5.69)

The necessary steps in the design process are described below.

STEP 1. Set p∗ = 0 and solve the following constrained optimization problem
in ξ, r and x:

Minimize Φ(x, ξ) = c1 ‖ξ‖ + c2 ‖D(x)‖ subject to

(3 + x2) ξ1 + (1 + x1) ξ2 = 0

−ξ1 + 2x2ξ2 + 1 = 0

3x1 + x2 + x1x2 + r = 0

−x1 + x2
2 + r + p∗ = 0

d2
11(x) ≥ 0.1

d2
22(x) ≥ 0.1

(5.70)
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With weighting factors c1 = 1 and c2 = 5, we obtain r∗ = 0 and a nominal
equilibrium x∗ = 0.

STEP 2. Set xr = x∗.

STEP 3. Recalling that x∗1 = x∗2 = 0, it follows that

d11(x∗) = d22(x∗) = 1 (5.71)

Using matrix H = I in Problem 2.3, we now obtain α = 1.6 and K =
[−20.21 8.27], respectively. The corresponding Lyapunov function is V (y) =
yTPy, with

P =
[

3.087 −2.112
−2.112 1.755

]
(5.72)

STEP 4. It is easily verified that the largest ellipse yTPy = σ0 ⊂ Θ corre-
sponds to σ0 = 0.31. This means that y(t; t0, y0) → 0 for all initial conditions
y0 ∈ Πy(σ0), where

Πy(σ0) =
{
y : yTPy ≤ 0.31

}
(5.73)

STEP 5. In order to estimate the permissible variation of p we need to solve
the following two constrained optimization problems:

Problem 5.11. Minimize |p| subject to

x2
2 + 2 |x2| + |x1| |x2| + |x1| + 1 > α2d2

11(x
∗) = 2.56 (5.74)

Ax+ h(x) +Br +BK(x− x∗) +Gp = 0 (5.75)

Problem 5.12. Minimize |p| subject to
[
x2

1 + |x1| |x2| + |x1|
]
+
[
4x2

2 + 4 |x2| + 1
]
> α2d2

22(x
∗) = 2.56 (5.76)

Ax+ h(x) +Br +BK(x− x∗) +Gp = 0 (5.77)

The minimization in Problem 5.11 produces p = 1.424, and Problem 5.12
yields p = 0.8191. Obviously, both

d2
11(x

e(p)) ≤ α2d2
11(x

∗) = 2.56 (5.78)

and
d2
22(x

e(p)) ≤ α2d2
22(x

∗) = 2.56 (5.79)

are satisfied when p is confined to set

Ω = {p ∈ R : |p| ≤ 0.819} (5.80)

At this point, we can guarantee that for any fixed p ∈ Ω the original system
has a locally stable equilibrium xe(p), and x(t; t0, x0) → xe(p) whenever y0 ≡
x0 − xe(p) ∈ Πy(σ0).

STEP 6. The conditions obtained in Step 5 are not sufficient to guarantee
stability, because it is still possible that a discontinuous change of p(t) within
set Ω might result in y0 /∈ Πy(σ0). To exclude this possibility, we need to solve
the following optimization problem
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Problem 5.13. Maximize w = (x − z)TP (x− z) subject to

Ax+ h(x) +Br∗ +BK(x− x∗) +Gp = 0

Az + h(z) +Br∗ +BK(z − x∗) +Gq = 0

|p| ≤ 0.819

|q| ≤ 0.819

(5.81)

The constraints in (5.81) ensure that both x(p) and z(q) are closed-loop equi-
libria corresponding to region Ω. This procedure can therefore be viewed as a
maximization of yT

0 Py0 over all possible y0 = xe(p)−xe(q) such that p, q ∈ Ω. If
w ≤ σ0, the system will be stable for all p(t) ∈ Ω; otherwise, we can guarantee
stability only for |p(t)| ≤ w. In this particular example we obtained w = 0.1,
so all discontinuous transitions of p(t) within the region Ω defined in (5.80) are
permissible.

Table 5.2 Design parameters for different regions
Region 1 Region 2 Region 3

−1.68 ≤ p < −0.8 −0.8 ≤ p ≤ 0.8 0.8 < p ≤ 1.48

r = 0.59 r = 0 r = −0.6

xr = [−0.208 0.04]T xr = [0 0]T xr = [0.2 0]T

K = [−22.85 10.05] K = [−20.21 8.27] K = [−19.28 7.72]
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Fig. 5.8 The test function p(t)
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Fig. 5.9 Evolution of x1(t) with the proposed control
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Fig. 5.10 Evolution of x2(t) with the proposed control

As before, region Ω can be extended by repeating the design process for
p∗ = −0.8 and p∗ = 0.8. The resulting control laws are summarized in Table 5.2,
which shows that we now can guarantee stability for −1.68 ≤ p(t) ≤ 1.48. Of
course, the final control law is obtained after smoothing r(p) and xr(p) in the
manner described in (5.41). This design was tested for the scheduling variable
shown in Fig. 5.8. The closed-loop responses x1(t) and x2(t) are provided in
Figs. 5.9 and 5.10, indicating that the strategy is indeed successful.
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Ikeda, M., Y. Ohta and D. D. Šiljak (1991). Parametric stability. In: New
Trends in Systems Theory, G. Conte, A. M. Perdon and B. Wyman (Eds.),
Birkhauser, Boston, MA, 1–20.

Kwatny, H. G., A. K. Pasrija and L. Y. Bahar (1986). Static bifurcations in
electric power networks: Loss of steady – state stability and voltage collapse.
IEEE Transactions on Circuits and Systems, 33, 981–991.

Lakshmikantham, V. and S. Sivasundaram (1998). Stability of moving invariant
sets and uncertain dynamic systems on time scale. Computers and Mathe-
matics with Applications, 36, 339–346.

Lawrence, D. A. and W. J. Rugh (1995). Gain scheduling dynamic linear con-
trollers for a nonlinear plant. Automatica, 31, 381–390.

Leela, S. and N. Shahzad (1996). On stability of moving conditionally invariant
sets. Nonlinear Analysis, Theory, Methods and Applications, 27, 797–800.

Leonessa, A., W. M. Haddad and V. Chellaboina (2000). Hierarchical Nonlinear
Switching Control Design with Application to Propulsion Systems. Springer,
London.

Martynyuk, A. A. and A. S. Khoroshun (2008). On parametric asymptotic sta-
bility of large-scale systems. International Applied Mechanics, 44, 565–574.



BIBLIOGRAPHY 163
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Chapter 6

Future Directions: Dynamic
Graphs

Graph theory provides a natural framework for studying relationships between
the components of a physical system. In most cases, these relationships are
described by assigning directions and constant numerical values (or weights) to
each edge in the graph (e.g., Harary, 1969; Ford and Fulkerson, 1962). There
are, however, a number of important applications where such a model fails to
capture all the relevant characteristics of the system. This potential deficiency
was recognized as early as the 1940s, in the context of social interactions within
groups and organizations (Radcliffe-Brown, 1940). Since that time, there have
been several systematic attempts to analyze graphs whose edges are subject to
change. In the late 1950s, for example, Erdös and Rényi (1959) introduced the
notion of random graphs, whose edges and vertices are assigned weights that
reflect their existence probabilities. A generic problem in this context has been
to determine the probability that a graph will remain connected when some of
its vertices and edges are randomly eliminated.

More recently, graphs with time-varying and state-dependent edges have
been considered in the context of complex systems and connective stability
(Šiljak, 1978). Such graphs were used to model uncertain connections between
subsystems, and to determine conditions under which the overall system re-
mains stable when certain subsystems are temporarily disconnected. Dynami-
cally changing graphs were also examined in (Ladde and Šiljak, 1983), where
stochastic models were used to analyze multi-controller schemes for reliability
enhancement (in this case, graphs were used to represent states of a Markov
process).

Time varying graphs are often referred to in the literature as dynamic graphs,
and a large body of useful and efficient algorithms has been developed to study
their properties (see, for example, Mehta and Sahni, 2005; Aziz-Alaoui, 2007;
Ming-Yang, 2008). Most of these results focus on identifying properties that
remain invariant as the graph changes over time (such as reachability, spanning
trees, shortest paths, etc.). In doing so, however, they generally fail to consider

A.I. Zečević and D.D. Šiljak, Control of Complex Systems, 165
Communications and Control Engineering, DOI 10.1007/978-1-4419-1216-9 6,
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what causes these changes in the first place. In order to account for this aspect
of the problem, it is necessary to treat the graph as a dynamic system, which
evolves in an appropriately chosen state space (e.g., Kalman et al., 1969; Sontag,
1990).

A key conceptual extension along these lines has been proposed in (Šiljak,
2008). In this paper, dynamic graphs were defined as a one-parameter group of
transformations of a special linear vector space into itself (the elements of this
space are graphs with a fixed number of vertices). Our approach in the following
sections will be somewhat less general, in the sense that we will describe dynamic
graphs as ordered pairsG = (V,E(t)) where V = {v1, v2, . . . , vn} represents a set
of n vertices (or nodes), and E(t) = [eij(t)] is a time-varying adjacency matrix
of dimension n × n which describes the temporal evolution of the edges. Since
we will be primarily interested in directed graphs, we will adopt the convention
that eij(t) represents an incoming edge for node vi, which originates in node vj .

One of our main objectives in this chapter will be to introduce control into
dynamic graphs, and examine how such a modification can influence its tempo-
ral behavior. In order to do that, it will first be necessary to rigorously define
the forms and properties of graphs that must be in place before a meaningful
control action can be applied. In particular, we will need to specify the function
and location of control nodes, how they influence the edge weights and nodes,
what kind of information is available to these nodes, how uncertainties appear
in the graph, and so on. It will also be necessary to consider various types of in-
formation structure constraints that the topology of the graph might impose on
the control law. The different possibilities that arise in this context include stan-
dard decentralized control structures, as well as arbitrary preassigned feedback
patterns (both static and dynamic).

6.1 Control of Dynamic Graphs

We begin this section with some definitions and a brief discussion of certain
conventions that will be used throughout this chapter. One of the most impor-
tant ones concerns the choice of an appropriate mathematical framework for
analyzing the dynamic behavior of the graph. On first glance, it would appear
that the evolution of the edges might be naturally described in terms of a matrix
differential equation of the form

Ė = F (E, t) (6.1)

It turns out, however, that models of this type tend to be problematic in cases
where E is not a full matrix (which is the most common scenario). To see why
this is so, let us consider a simplified version of (6.1)

Ė = AE (6.2)

where A is an arbitrary matrix of dimension n× n. It is obvious that Ė and E
will have the same nonzero structure only if A is diagonal, which is a highly re-
strictive assumption. In order to avoid this difficulty, we introduce the following
definition.
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v1 v2

v4 v3

e41
e42

e21

e32

e34

e23

Fig. 6.1 A dynamic graph

Definition 6.1. Let G by a dynamic graph with n nodes and m edges, and
let E(t) denote its time-varying adjacency matrix. The compression of E(t),
denoted e(t) = comp(E(t)), is an m× 1 vector whose elements are the nonzero
entries of E(t).

The following simple example illustrates how the compression of E(t) is
formed.

Example 6.2. Consider the dynamic graph shown in Fig. 6.1. Recalling that
eij represents an incoming edge for node vi, the corresponding adjacency matrix
E(t) will have the form

E(t) =

⎡
⎢⎢⎣

0 0 0 0
e21 0 e23 0
0 e32 0 e34
e41 e42 0 0

⎤
⎥⎥⎦ (6.3)

Its compression e(t) is constructed by sequentially extracting the nonzero ele-
ments from each row, which produces the vector

e(t) = [e21 e23 e32 e34 e41 e42]T = [e1 e2 e3 e4 e5 e6]T (6.4)

and the edge numbering shown in Fig. 6.2.

It is important to note that the compression of E(t) doesn’t fully describe a
dynamic graph, since it fails to specify how the nodes and edges are related. As
a result, in this chapter we will often use both E(t) and e(t) in formulating our
analytical descriptions.

Before introducing control into this model, we must first specify what is
meant by an asymptotically stable equilibrium of a dynamic graph. In order to
do that, let Ḡ = (V, Ē) be a graph with the same topology as G = (V,E(t)),
but with fixed edge weights. In the following, we will refer to matrix

Δ(t) = E(t) − Ē (6.5)
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Fig. 6.2 The graph with renumbered edges

as the edge displacement matrix of the graph, and denote its compression by

η(t) = e(t) − ē. (6.6)

The temporal evolution of G = (V,E(t)) will be described in terms of vector
η(t), which is assumed to satisfy a system of differential equations of the form

η̇ = f(η, t) (6.7)

where f : Rm+1 → Rm is a known nonlinear time-varying function such that
f(0, t) = 0 for all t.

Definition 6.3. Given a model of the form (6.7), we will say that equilibrium
η̄ = 0 is globally asymptotically stable in the sense of Lyapunov if it is Lyapunov
stable and globally attractive (e.g., Khalil, 2001). In other words, the stability
of the equilibrium graph Ḡ = (V, Ē) requires that the solutions of (6.7) satisfy

lim
t→∞ η(t; t0, η0) → 0 (6.8)

for all initial conditions (t0, η0) ∈ Rm+1.

In this section, we will be interested in designing stabilizing feedback laws
for a class of graphs whose dynamics have the form

η̇ = Aη + h(η) +Bu (6.9)

where A and B are constant matrices of dimensions m×m and m× q, respec-
tively, and u(t) ∈ Rq is the input vector. The nonlinear function h : Rm → Rm

in (6.9) can be uncertain in general, but is assumed to satisfy inequality

hT (η)h(η) ≤ α2ηTHTHη, ∀η ∈ Rm (6.10)

where α is a positive scalar, and H represents a constant matrix.
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Before considering possible control strategies for graphs whose dynamics
conform to the model described above, we must first identify a number of infor-
mation structure constraints that arise in this context. The following four are
particularly important for our purposes (Zečević and Šiljak, 2010a).

Constraint 1. It is assumed that the graph has a set of control nodes,
whose number and location are preassigned. Such nodes are capable of modifying
the equations that govern the dynamic behavior of all their outgoing edges (the
distribution of these edges uniquely determines the nonzero structure of the
input matrix B).

Constraint 2. Each control node has access to the states of some of its
incident edges, and can use this information for control purposes. The specific
edge states that any given node can “measure” are known in advance.

Constraint 3. With each control node we will associate a dynamic controller
whose order is predetermined. The purpose of these controllers is to stabilize
the dynamic graph for all nonlinearities that satisfy bound (6.10).

Constraint 4. Interactions between the edges should reflect the topology
of the graph. We will incorporate this requirement into our model by assuming
that the dynamics of any given edge ei are affected only by edges that share a
node with it.

In accordance with the four constraints outlined above, with each control
node vi we will associate a subset of pi “measurable” edge states (denoted in the
following by yi), and a dynamic controller of order si. The internal state variables
of this controller are assumed to satisfy a system of equations of the form

ζ̇i = Φiζi +Wiyi (6.11)

where Φi and Wi are constant matrices of dimension si × si and si × pi, respec-
tively. We will further assume that all outgoing edges associated with control
node vi have inputs u(j)

i , which receive signals that are linear combinations of
the controller states ζi1, ζi2, . . . , ζisi . If there are qi such edges, the overall effect
of the controller can be described in compact form as

ui = Miζi (6.12)

where ui = [u(1)
i , . . . , u

(qi)
i ]T , and Mi is a matrix of dimension qi × si.

Assuming a total of r control nodes in the graph and defining block-diagonal
matrices

MD = diag{M1, . . . ,Mr}
WD = diag{W1, . . . ,Wr}
ΦD = diag{Φ1, . . . ,Φr}

(6.13)

the closed-loop system can be described as

η̇ = Aη +BMDζ + h(η)

ζ̇ = ΦDζ +WDy
(6.14)
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where
ζ = [ζT

1 ζT
2 . . . ζ

T
r ]T

y = [yT
1 yT

2 . . . y
T
r ]T

(6.15)

are vectors of dimension s × 1 and p × 1, respectively. Observing that the set
of “measurable” state variables can be represented as y = Cη, (6.14) can be
equivalently expressed as

η̇ = Aη +BMDζ + h(η)

ζ̇ = ΦDζ +WDCη
(6.16)

Given the form of system (6.16), designing a set of r dynamic controllers for
this graph amounts to computing appropriate block-diagonal matrices MD, WD

and ΦD. In order to formulate this task as an LMI optimization problem, let us
introduce auxiliary matrices

Â =
[
A 0
0 −εIs

]
, B̂ =

[
B 0
0 Is

]
, ĤD =

[
Im 0
0 0

]
(6.17)

and
Φ̂(ε)

D = ΦD + εIs (6.18)

where Im and Is denote identity matrices of dimension m×m and s×s, respec-
tively. The constant ε which appears in matrix Â represents a small positive
scalar parameter, whose purpose is to enhance the convergence of the optimiza-
tion process. Setting z = [ηT ζT ]T as the new aggregate state variable and
defining function ĥ(z) as ĥ(z) = [hT (η) 0]T , our objective will be to determine
a gain matrix

K̂ =
[

0 MD

WDC Φ̂(ε)
D

]
(6.19)

that stabilizes the closed-loop system

ż = (Â+ B̂K̂)z + ĥ(z) (6.20)

for all nonlinearities ĥ(z) satisfying

ĥT (z)ĥ(z) ≤ α2zT ĤT
DĤDz. (6.21)

In order to compute a matrix K̂ that has the special structure indicated in
(6.19), let us first introduce a constant matrix

FD =
[
F11 0
0 F22

]
(6.22)

where F11 = C and F22 is an arbitrary block-diagonal matrix with blocks of
dimension si×si (i = 1, 2, . . . , r). Following the approach described in Sect. 3.3,
we now propose to solve Problem 2.3 using a matrix Y of the form

Y = ρY0 +QmYDQ
T
m +QYQQ

T . (6.23)
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In this particular case, Qm represents an n × n matrix of maximal rank such
that

QT
mF

T
D = 0 (6.24)

and Q denotes a subset of its columns. It is important to recognize in this
context that the matrix Y defined in (6.23) is full in general, which is conducive
to the feasibility of the LMI optimization.

In implementing the design procedure associated with Problem 2.3, we will
choose matrix U as

U = Y0F
T
D (6.25)

which ensures that
FD = ρUTY −1. (6.26)

We will also assume that the LMI variable L has the form L = LCU
T , and that

LC can be partitioned as

LC =
[

0 L12

L21 L22

]
(6.27)

where L12, L21 and L22 are block-diagonal matrices with blocks of dimensions
mi × si, si × pi and si × si (i = 1, 2, . . . , r), respectively. Observing that

K̂ = LY −1 = ρ−1LCFD (6.28)

and recalling (6.22) and (6.27), it is easily verified that matrices MD, WD and
ΦD can be computed as

MD = ρ−1L12F22

WD = ρ−1L21

ΦD = ρ−1L22F22 − εIs

(6.29)

The structure of L12, L21, L22 and F22 ensures that MD, WD and ΦD are
block-diagonal, with blocks of appropriate dimensions.

The following example illustrates how the proposed design procedure can be
applied to dynamic graphs.

Example 6.4. Consider the dynamic graph shown in Fig. 6.3, in which v2
and v5 have been designated as control nodes (these two nodes are indicated as
rectangles). For convenience, the vector e = comp(E) was pre-permuted so that
edges incident to any given control node are numbered consecutively.

Our objective in the following will be to design a pair of third order con-
trollers (one for each control node) that stabilize the system for all nonlinearities
h(η) that satisfy bound (6.10) with H = I. In doing so, we will assume that
node v2 can use edges {e1, e5} for control purposes, and that node v5 can do
the same with edges {e9, e11}. The corresponding matrix C will then have the
form
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Fig. 6.3 A dynamic graph with two control nodes

C =

⎡
⎢⎢⎣

1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0

⎤
⎥⎥⎦ (6.30)

Since our model allows control nodes to modify the behavior of all their
outgoing edges, it follows that node v2 will affect the equations governing edges
{e2, e3, e5}, and that node v5 will influence the equations that describe the
dynamics of edges {e9, e11, e12}. This information uniquely determines matrix
B as

BT =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎦

(6.31)

To complete the model, matrix A was chosen in the manner shown in Table 6.1
(for the sake of simplicity, we only list its nonzero elements). A simple examina-
tion of the graph in Fig. 6.3 indicates that such a choice of elements is consistent
with Constraint 4.

In order to maximize the robustness bound α in (6.10), a pair of dynamic
controllers was designed following the LMI-based procedure described in this
section. The optimization produced block-diagonal matrices
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Table 6.1 The nonzero elements of matrix A
a11 = −0.45 a13 = −0.10 a16 = −0.40
a21 = 0.25 a22 = −0.45
a32 = −0.20 a33 = −0.45 a34 = −0.20
a44 = −0.45 a4,11 = 0.30
a51 = 0.10 a54 = 0.25 a55 = −0.45
a62 = −0.30 a66 = −0.45
a77 = −0.45 a79 = 0.25
a85 = 0.25 a88 = −0.45 a8,11 = −0.10
a99 = −0.45 a9,10 = 0.30
a10,3 = −0.10 a10,7 = −0.10 a10,10 = −0.45
a11,10 = 0.30 a11,11 = −0.45
a12,9 = −0.20 a12,10 = 0.10 a12,12 = −0.45

MD =

⎡
⎢⎢⎢⎢⎢⎢⎣

−0.05 −0.10 −0.13 0 0 0
0.11 0.18 0.24 0 0 0
0.18 0.06 0.01 0 0 0
0 0 0 −0.84 −0.64 −0.61
0 0 0 −2.24 −1.67 −1.61
0 0 0 −0.70 −0.49 −0.46

⎤
⎥⎥⎥⎥⎥⎥⎦

(6.32)

WD =

⎡
⎢⎢⎢⎢⎢⎢⎣

0.49 −0.34 0 0
0.64 −0.21 0 0
0.76 −0.16 0 0
0 0 0.68 1.54
0 0 0.53 1.18
0 0 0.51 1.15

⎤
⎥⎥⎥⎥⎥⎥⎦

(6.33)

and

ΦD =

⎡
⎢⎢⎢⎢⎢⎢⎣

−0.80 −0.46 −0.38 0 0 0
−0.85 −0.84 −0.75 0 0 0
−0.99 −0.92 −1.09 0 0 0

0 0 0 −1.05 −0.36 −0.23
0 0 0 −0.45 −1.19 −0.25
0 0 0 −0.34 −0.27 −1.31

⎤
⎥⎥⎥⎥⎥⎥⎦

(6.34)

which correspond to α = 0.25.

Remark 6.5. The method described above can be easily extended to a class
of dynamic graphs that contain linear algebraic constraints (such as flow con-
servation laws, for example). To see this more clearly, suppose that the edge
displacement vector η(t) can be partitioned as η = [ηT

1 ηT
2 ]T and that its two

components satisfy



174 CHAPTER 6. FUTURE DIRECTIONS: DYNAMIC GRAPHS

η̇1 = A11η1 +A12η2 + h(η1) +Bu

0 = A21η1 +A22η2
(6.35)

In this case, the problem can obviously be reduced to the standard form (6.9)

η̇1 = Ãη1 + h(η1) +Bu (6.36)

where Ã = A11 −A12A
−1
22 A21.

6.2 Generalized Dynamic Graphs

A natural extension of the model considered in the previous section is a dynamic
graph in which both nodes and edges change continuously over time. In working
with models of this type, it is usually convenient to describe the temporal evo-
lution of the edges using the adjacency matrix E(t) = [eij(t)], while the nodal
dynamics are represented by state vector x(t) = [x1(t), . . . , xn(t)]T . We will also
assume that the following three information structure constraints are satisfied
(Zečević and Šiljak, 2010a):

1. Node vi can receive nodal state information from certain designated neigh-
boring nodes, and can use it for control purposes.

2. The state of node vi depends on the states of all its incoming edges, as
well as the states of the nodes from which these edges originate. In general, this
dependence can be nonlinear.

3. The dynamics of edge eij(t) depend explicitly on the state of node vj from
which this edge originates.

Given a graph with n nodes and m edges, a possible model that satisfies the
three constraints described above has the form

ẋi = aixi +
n∑

j=1

μijxj + ψi(x,E) + di (i = 1, . . . , n)

ėk =
n∑

j=1

fkj [ej − ēj] + ξk(x,E) + bkuk (k = 1, . . . ,m)
(6.37)

where e(t) = [e1(t), . . . , em(t)]T denotes the compression of matrix E(t). The
remaining terms in (6.37) can be interpreted as follows.

(i) The nonlinear function ψi(x,E) describes how the state of node vi de-
pends on the states of its incoming edges and neighboring nodes. We will assume
that this dependence has the general form

ψi(x,E) =
n∑

j=1

eij(t)hj(xj) (6.38)
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where hj : R → R are sigmoid functions that satisfy

|hj(xj)| ≤ σj , ∀xj ∈ R (6.39)

for some set of positive numbers σ1, . . . , σn.
(ii) The linear term

n∑
j=1

μijxj (6.40)

describes the exchange of state information between neighboring nodes in the
graph. We will assume that the nonzero structure of matrix M = [μij ] is given,
but that its element values can be chosen freely by the designer.

(iii) The constant di represents a biasing signal, whose purpose is to drive the
system from one nodal equilibrium to another. The equilibria can be preassigned,
or can be determined by the system itself.

(iv) Matrix F = [fij ] is given, and the term ξk(x,E) has the form

ξk(x,E) = πk(x)(ek − ēk) (6.41)

where ēk represents the equilibrium state of the kth edge, and πk : R → R is a
nonlinear function that satisfies

|πk(x)| ≤ βk, ∀x ∈ Rn (6.42)

for some positive βk.
(v) As before, certain nodes in the graph are designated as control nodes, and

their purpose is to stabilize the overall edge dynamics. For all edges originating
in such nodes, the coefficients bk in (6.37) will have nonzero values, and uk will
be associated with the output of the corresponding dynamic controller (which
can be designed in the manner described in Sect. 6.1).

It is interesting to note that the model described above actually allows for
two different levels of control. On the nodal level, we have the freedom to choose
the nonzero elements of matrix M . Since the structure of this matrix is preas-
signed, the problem amounts to designing a controller with arbitrary information
structure constraints. Feedback laws of this type can be obtained following the
approach proposed in Sect. 3.2. On the other hand, we also have the option of
introducing dynamic edge controllers at designated nodes in the graph, which
can be designed in the manner shown in Sect. 6.1.

Since effective design algorithms for both types of control have already been
described, in the following we will focus on reformulating system (6.37) in a way
that is suitable for LMI-based control design. In order to do that, let us first
define functions

ψ(x,E) = [ψ1(x,E), . . . , ψn(x,E)]T

ξ(x,E) = [ξ1(x,E), . . . , ξm(x,E)]T
(6.43)
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and a pair of vectors

d = [d1, . . . , dn]T , u = [u1, . . . , um]T (6.44)

Setting B = diag{b1, . . . , bm}, the overall model can now be rewritten in compact
form as

ẋ = (A+M)x+ ψ(x,E) + d

ė = F (e− ē) + ξ(x,E) +Bu
(6.45)

The following theorem allows us to bound the nonlinearities in (6.45) in the
manner proposed in (6.10).

Remark 6.6. For the sake of simplicity, in Theorem 6.7 we will omit the input
vector u. We can do so without any loss of generality, since this term has no
effect on the bounds that we wish to establish.

Theorem 6.7. Let x̄ be the nodal equilibrium that is associated with biasing
vector d, and let

ϑ(t) = x(t) − x̄

η(t) = e(t) − ē
(6.46)

denote displacements from the nodal and edge equilibria, respectively. System
(6.45) can then be expressed as

ϑ̇ = (A+M)ϑ+ φ1(ϑ, η)

η̇ = Fη + φ2(ϑ, η)
(6.47)

where functions φ1(ϑ, η) and φ2(ϑ, η) are uniquely determined by ψ(x,E) and
ξ(x,E). If we further assume that (6.39) and (6.42) hold, these functions can
be bounded as

φT
1 (ϑ, η)φ1(ϑ, η) ≤ ϑTD1ϑ+ ηTD2η

φT
2 (ϑ, η)φ2(ϑ, η) ≤ ηTD3η

(6.48)

where D1, D2 and D3 are constant matrices that can be computed from the
model parameters.

Proof. Let Δ(t) = E(t)−Ē denote the edge displacement matrix, whose elements
are δij(t) = eij(t) − ēij . Observing that

(A+M)x̄+ ψ(x̄, Ē) + d = 0 (6.49)

and that ξ(x̄, Ē) = 0 by virtue of (6.41), it is easily verified that (6.45) can be
rewritten as

ϑ̇ = (A+M)ϑ+ φ̂1(ϑ,Δ)

η̇ = Fη + φ2(ϑ, η)
(6.50)

where
φ̂1(ϑ,Δ) = ψ(x̄+ ϑ(t), Ē + Δ(t)) − ψ(x̄, Ē) (6.51)
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and
φ2(ϑ, η) = ξ(x̄+ ϑ(t), ē+ η(t)) (6.52)

Note that the function φ̂1 in (6.51) implicitly depends on η(t), since
η(t) = comp(Δ(t)) by definition. As a result, we can replace this term with
φ1(ϑ, η) ≡ φ̂1(ϑ,Δ), which is in accordance with (6.47).

Regarding (6.48), we should first point out that the bounding of φ2(ϑ, η) is
straightforward, since

ξ2k(x̄+ ϑ(t), ē+ η(t)) = π2
k(x)η2

k ≤ β2
kη

2
k, (k = 1, . . . ,m) (6.53)

for any x(t). Matrix D3 can therefore be computed as D3 = diag{β2
1 , . . . , β

2
m}.

In order to establish a bound for function φ1(ϑ, η), let us introduce an auxiliary
function ρ(ϑ) = [ρ1(ϑ), . . . , ρn(ϑ)]T whose components are defined as

ρi(ϑi) = hi(x̄i + ϑi) − hi(x̄i), (i = 1, . . . , n) (6.54)

It should be recognized that the bounds |ρi(ϑi)| ≤ 2σi and ρ2
i (ϑi) ≤ ϑ2

i must
hold for all ϑi ∈ R, since functions hi(xi) are assumed to satisfy (6.39).

Defining vectors

Ēi = [ēi1, . . . , ēin]T

Δi = [δi1, . . . , δin]T

h(x) = [h1(x1), . . . , hn(xn)]T

(6.55)

and recalling (6.38) and (6.54), the ith component of φ1(ϑ, η) can be expressed
in compact form as

φ
(i)
1 (ϑ, η) = ĒT

i ρ(ϑ) + ΔT
i ρ(ϑ) + ΔT

i h(x̄) (6.56)

The square of φ(i)
1 (ϑ, η) can now be decomposed into three terms

[φ(i)
1 (ϑ, η)]2 = ρ(ϑ)TA

(i)
1 ρ(ϑ) + ρ(ϑ)TA

(i)
2 (ϑ)Δi + ΔT

i A
(i)
3 (ϑ)Δi (6.57)

where
A

(i)
1 = ĒiĒ

T
i

A
(i)
2 (ϑ) = 2Ēi[ρ(ϑ) + h(x̄)]T

A
(i)
3 (ϑ) = ρ(ϑ)ρ(ϑ)T + 2ρ(ϑ)hT (x̄) + h(x̄)hT (x̄)

(6.58)

are functional matrices whose elements depend on ϑ.
Using the properties of functions ρ(ϑ) and h(x), it is not difficult to verify

that the elements of matrices A(i)
k (ϑ) (k = 1, 2, 3) satisfy bounds of the form

|a(k)
pq (ϑ)| ≤ ā(k)

pq , ∀ϑ ∈ Rn (6.59)



178 CHAPTER 6. FUTURE DIRECTIONS: DYNAMIC GRAPHS

where ā(k)
pq are positive constants. As shown in Sect. 4.4, under such circum-

stances there always exist constant diagonal matrices D(i)
1 and D(i)

2 such that

[φ(i)
1 (ϑ, η)]2 ≤ ϑTD

(i)
1 ϑ+ ΔT

i D
(i)
2 Δi (6.60)

These matrices can be computed directly from the bounds (6.59).
Summing up the terms in (6.60), we obtain

φT
1 (ϑ, η)φ1(ϑ, η) ≤

n∑
i=1

[ϑTD
(i)
1 ϑ+ ΔT

i D
(i)
2 Δi] (6.61)

Recalling that η(t) = comp(Δ(t)), it is easily verified that there exists a diagonal
matrix D2 such that

n∑
i=1

ΔT
i D

(i)
2 Δi = ηTD2η (6.62)

The elements of D2 can be computed from matrices D(i)
2 (i = 1, . . . , n) in a

straightforward manner. If we now define matrix D1 as

D1 =
n∑

i=1

D
(i)
1 (6.63)

the first inequality in (6.48) follows directly. �
If we introduce an aggregate state variable z = [ϑ η]T , Theorem 6.7 allows

us to express system (6.47) in the standard form

z = Âz + ĥ(z) (6.64)

where

Â =
[

(A+M) 0
0 F

]
, ĥ(z) =

[
φ1(z)
φ2(z)

]
(6.65)

Since the nonlinear function ĥ(z) can be bounded as

ĥT (z)ĥ(z) ≤ zT

[
D1 0
0 (D2 +D3)

]
z (6.66)

such a model is obviously suitable for LMI-based control design.

6.3 Continuous Boolean Networks

The ideas developed in the previous sections find a natural application in the
study of random Boolean networks. Boolean networks have been used to model
a wide variety of complex phenomena, ranging from gene regulation to social
interactions and stock market fluctuations (Kauffman, 1993, 1995; Khalil, 1995;
Kupper and Hoffmann, 1996; Garson, 1998; Chowdhury and Stauffer, 1999;
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Weigel and Murray, 2000; Davidson, 2006). A network of this type can be viewed
as a collection of N interconnected nodes, which are activated or deactivated
according to a set of preassigned rules. These rules generally allow for interac-
tions between neighboring nodes, but they do not involve any form of global
coordination.

It is usually assumed that the state of a Boolean network evolves discretely
over time, and that the next state of node i can be described as

xi(k + 1) = Fi(x(k)) (6.67)

where vector x(k) = [x1(k) . . . xN (k)]T represents the current state of the nodes.
It is important to recognize in this context that functions Fi (i = 1, 2, . . . , N) are
themselves Boolean, and can therefore produce only values 0 and 1. It is easily
verified that any such function can be defined in the form of a table, which
is convenient from the standpoint of computer-aided simulation (particularly
when the network is very large).

Assuming that each of the N nodes has exactly K incoming edges, there are
many possible ways for assembling a Boolean network. Each such configuration is
commonly referred to as a “realization” of the NK network. In order to specify a
particular realization, one needs to select an interconnection pattern and assign
a different function Fi to each node. It is not difficult to see, however, that
the number of possible combinations grows rapidly as the size of the network
increases, and can reach staggering proportions even for relatively small values
of N and K. For that reason, the study of Boolean networks normally involves a
random sampling of different configurations (hence the name “random Boolean
networks”).

An important characteristic of NK networks is that the number of possible
states is finite (2N , to be precise). As a result, if the simulation is long enough,
one of the previous configurations is bound to reappear. At that point the entire
process repeats, giving rise to a limit cycle. From a theoretical standpoint, it
is of interest to establish the average number and length of independent cycles
that arise in an ensemble of randomly chosen NK networks. It is also important
to determine how sensitive the system is to small changes in the initial state
and/or variations in the functions Fi.

Pioneering work in the field of random Boolean networks was performed by
theoretical biologist Stuart Kauffman, who used this model to study the process
of gene regulation (see, e.g., Kauffman, 1969, 1993). The rationale for choos-
ing such a representation was based on the observation that certain genes are
capable of activating or inhibiting other genes, much like nodes in a Boolean
network. In interpreting his simulation results, Kauffman associated each peri-
odic attractor with a different cell type, and correlated its period length with the
duration of the cell cycle. Predictions obtained using this model were found to
be remarkably consistent with observed patterns of cell differentiation in living
organisms.

In order to understanding the dynamic behavior of random NK networks,
we should first recall that any given function Fi is uniquely defined by a table
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that specifies its value for each of the 2K possible combinations of its argu-
ments. A simple way to generate such a function randomly would be to flip
a coin 2K times. If the probabilities of recording heads and tails are p and
1 − p, respectively, the resulting functions Fi are said to be p-biased (the term
“unbiased” corresponds to the special case when p = 0.5).

Most of the initial studies related to NK networks focused on unbiased
Boolean functions Fi. For small values of K, it was established that the average
number of limit cycles tends to grow slowly with N , as does their length. Such
networks exhibited rather “orderly” steady-state behavior, which was charac-
terized by a large, connected subset of “frozen” nodes whose states were fixed
at 0 or 1. The “active” nodes (whose temporal variation accounted for the limit
cycles) were typically clustered into smaller, functionally isolated “islands.”

A very different kind of dynamics was observed in networks with large values
of K. In this case, the average length of the limit cycles was seen to increase
exponentially with N , and the system response showed extraordinary sensitivity
to changes in initial conditions. Although recurring patterns are known to exist
in such networks as well, their periods were simply too large to observe (in a
network with N = 100, for example, the average period size is expected to be on
the order of 1015). With that in mind, the evolution of such systems is usually
described as chaotic.

At the transition between these two rather extreme regimes, Kauffman iden-
tified a region of “critical” behavior, which is characterized by a mixture of order
and unpredictability. Systems that operate in this region (which is sometimes
referred to as the “edge of chaos”) tend to produce connected clusters of “active”
nodes in the steady state. As a result, local fluctuations can propagate freely
throughout the network without destabilizing the overall system. Mechanisms
of this sort are often associated with emergence and self-organized criticality,
and have been used to model a variety of complex physical and biochemical
processes (see e.g., Jensen, 1998 and the references therein). It has also been
suggested that many natural systems (including living organisms) “prefer” to
function on or near the edge of chaos, where the possibilities for new forms of
organization are virtually unlimited (Kauffman, 1993).

Although random Boolean networks have become a widely accepted tool for
simulating complex physical processes (particularly those related to gene regu-
lation), the discrete nature of such models imposes some significant limitations.
One obvious restriction stems from the fact that the nodal states in a random
Boolean network are updated synchronously. This is not a particularly realistic
assumption, since interactions between genes typically involve an entire range
of different time constants. It should also be noted that discrete models cannot
properly account for the fact that interactions among genes are mediated by
proteins, whose concentrations vary continuously over time (e.g., Chaves et al.,
2006a, b; Öktem, 2008). These considerations have motivated the development
of a class of hybrid models which are commonly referred to as continuous Boolean
networks.

One of the most successful models of this kind was introduced by Leon Glass
and his collaborators in the 1970s (Glass and Kauffman, 1973; Glass, 1975).
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In Glass-type networks, gene states and protein levels are treated as continuous
variables, whose evolution is governed by a system of differential equations. The
interactions between network nodes, on the other hand, are described in terms
of Boolean functions. A simple way to formalize these assumptions would be to
associate a continuous variable yi(t) and a Boolean variable Yi(t) with node i.
Variable Yi(t) is assumed to change its value when yi(t) exceeds a prescribed
threshold value, while yi(t) satisfies a system of differential equations of the
form

ẏ1 = −β1y1 + β1F1(Y1, Y2, . . . , YN )

ẏ2 = −β2y2 + β2F2(Y1, Y2, . . . , YN )

...
ẏN = −βNyN + βNFN (Y1, Y2, . . . , YN )

(6.68)

In (6.68), coefficients βi represent positive scaling factors that reflect possible
differences in nodal dynamics, while Fi (i = 1, 2, . . . , N) denote Boolean func-
tions that depend on Y1, Y2, . . . , YN .

A somewhat different type of hybrid model can be formulated using Boolean
delay equations, in which the variables are discrete but time is allowed to be
continuous (Dee and Ghil, 1984; Ghil and Mullhaupt, 1985; Öktem et al., 2003;
Ghil et al., 2008). In this case, with each Boolean variable Yi(t) we associate an
auxiliary continuous variable wi(t) and a threshold value qi such that

Yi(t) =

{
0, wi(t) ≤ qi

1, wi(t) > qi
(6.69)

The temporal evolution of the Boolean variables is then described as

Y1 = F1[t, Y1(t− θ11), Y2(t− θ12), . . . , YN (t− θ1N )]

Y2 = F2[t, Y1(t− θ21), Y2(t− θ22), . . . , YN (t− θ2N )]

...
YN = FN [t, Y1(t− θN1), Y2(t− θN2), . . . , YN (t− θNN )]

(6.70)

where θij (i, j = 1, 2, . . . , N) represent delay terms that reflect the time it takes
for a change in Yj(t) to affect variable Yi(t).

Our principal objective in the following will be to extend the ideas outlined
above, and describe the evolution of continuous Boolean networks in terms of
dynamic graphs. In order to do that, it will be necessary to modify the generic
model considered in Sect. 6.1, and associate a single Boolean variable Xi(t) with
each vertex (this variable serves as an indicator of whether or not vertex vi is
“active”). A dynamic graph of this sort can be described by a hybrid model of
the form

η̇ = Aη +D(X)η (6.71)

ν(t) = Φ(η) (6.72)
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where A is a constant matrix of dimension m × m, X(t) = [X1(t) X2(t) . . .
Xn(t)]T denotes the states of the nodes, and D(X) is a functional matrix whose
elements depend on X(t). The vector ν(t) ∈ Rn in (6.72) represents a set of
auxiliary variables which determine how the nodal states vary over time. Since
the components of X(t) are Boolean functions, we will assume that their evo-
lution can be described as

Xi(t) =

{
0, νi(t) ≤ τi

1, νi(t) > τi
i = 1, 2, . . . , n (6.73)

where constants τi are preassigned threshold values.
In working with systems of the form (6.71), it is important to establish

conditions which ensure that the equilibrium η̄ = 0 is asymptotically stable for
all possible nodal state vectors X(t). This is an essential requirement, since it
allows us to view the evolution of a continuous Boolean network as a succession
of nodal equilibria in a dynamic graph. In order to simplify the stability analysis,
in the following we will assume that D(X) is a diagonal matrix, whose entries
can take only two possible values:

dii(Xk) =

{
d+

i , Xk = 0

d−
i , Xk = 1

(6.74)

The Boolean variable Xk in (6.74) represents the state of the node from which
edge ei originates (the so-called master node of ei). Given such a definition, it
is easily verified that the nonlinear function

h(η,X) = D(X)η (6.75)

can be bounded as
hT (η,X)h(η,X) ≤ ηTHTHη, (6.76)

for all possible values of X , where H is a constant diagonal matrix with entries
hii = max{|d−i |, |d+

i |} (i = 1, 2, . . . , n).
Hybrid dynamic graphs such as the one described by (6.71)–(6.74) belong

to a general class of models of the form

η̇ = Aη + h(η, p) (6.77)

where p ∈ Rs represents a vector of uncertain parameters (which can be time-
varying in general). Systems of this type have been studied extensively over the
past few decades, particularly in the context of robust control and paramet-
ric stability (see e.g., Šiljak, 1978, 1989; Ikeda et al., 1991; Zečević and Šiljak,
2003, and the references therein). For our purposes, it suffices to observe that
the results described in Chap. 2 extend to this kind of problem as well. The fol-
lowing theorem provides sufficient conditions for the global asymptotic stability
of system (6.77) (e.g., Šiljak and Stipanović, 2000).
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Theorem 6.8. Let p(t) be an uncertain time-varying parameter vector that is
confined to set W ⊂ Rs for all t, and suppose that the nonlinear term h(η, p) in
(6.77) satisfies

h(0, p) = 0, ∀p ∈ Rs (6.78)

Assume further that h(η, p) can be bounded as

hT (η, p)h(η, p) ≤ ηTHTHη, ∀p ∈ W (6.79)

where H is a constant matrix of dimension m×m. If there exists a symmetric,
positive definite matrix Y and a number 0 < γ < 1 such that matrix

Π(Y, γ) =

⎡
⎣
AY + Y AT I Y HT

I −I 0
HY 0 −γI

⎤
⎦ (6.80)

is negative definite, then lim
t→∞ η(t; t0, η0) → 0 for any (t0, η0) ∈ Rm+1.

In interpreting this result, it is important to recognize that the time-varying
parameter vector p(t) in Theorem 6.8 is allowed to be uncertain. This feature
(combined with the fact that p(t) ∈ W for all t) allows us to establish the sta-
bility of the model proposed in (6.71)–(6.74), despite the fact that the evolution
of the Boolean state vector X(t) cannot be predicted.

6.4 Applications to Gene Regulation

In this section we will consider how hybrid dynamic graphs can be used to
describe certain biochemical interactions that play a critical role in gene regu-
lation. It is important to emphasize at the outset that we will not be proposing
precise quantitative models for these processes. Instead, we will primarily be
interested in developing a general mathematical framework that can capture
their main qualitative features. In doing so, we will take special care to intro-
duce certain degrees of freedom that are not available in conventional random
Boolean networks. It is reasonable to expect that this added flexibility can give
rise to a broader range of dynamic patterns, some of which may prove to be
highly complex.

As a first step in developing such a model, we will assume that each node
in the dynamic graph represents a gene, which can act as a stimulator or
an inhibitor. In the following, these two possibilities will be characterized by
Boolean nodal states Xi = 1 and Xi = 0, respectively. The edges of the dynamic
graph will be associated with protein concentrations, in the manner illustrated
in Fig. 6.4. In this figure, eik(t), ekj(t) and ekl(t) represent the concentrations
of the proteins that are synthesized by nodes vk, vj , and vl. The orientation of
each edge indicates where the protein is produced, and which node is affected
by it.

Given this notation, we now proceed to show how gene–protein and protein–
protein interactions can be described in terms of dynamic graphs.
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vj
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vk vi

ekl(t)

ekj(t)

eik(t)

Fig. 6.4 Protein concentrations associated with node vk

6.4.1 Protein Dynamics

A number of models that have been developed for the study of gene regulation
assume that changes in protein concentrations depend on the current concentra-
tion level, as well as the state of the gene that synthesizes the protein (Chen and
Aihara, 2002; Edwards et al., 2001; Kobayashi et al., 2003). Dynamic graphs al-
low us to expand this approach, and include protein–protein interactions as well.
To see how this can be done, let us once again consider the simple schematic
diagram shown in Fig. 6.4. Since edges ekj(t) and ekl(t) represent concentration
levels that are “registered” by node vk, it is reasonable to assume that they influ-
ence the rate at which eik(t) changes. With that in mind, we propose to describe
the temporal evolution of the edge displacement matrix Δ(t) = [δik(t)] as

δ̇ik = ρ(Xk)δik +
∑
j �=i

ρkjδkj (i, k = 1, 2, . . . , n) (6.81)

where ρ(Xk) is a function of the nodal state Xk and ρkj are known constants.
In order to account for the topology of the graph, we will additionally assume
that ρkj �= 0 if and only if ekj is an incoming edge for node vk.

Recalling that η(t) = comp(Δ(t)) by definition, (6.81) can be rewritten in
compact form as

η̇i = aii(Xk)ηi +
∑
j �=i

akjηj (i = 1, 2, . . . ,m) (6.82)

where Xk denotes the Boolean state of the node from which edge ei originates.
Depending on whether Xk is 1 or 0, the term aii(Xk) in (6.82) will take on
values a+ or a−, respectively. Such a choice reflects our assumption that the
rate at which protein concentrations change depends on whether the master
node of edge ei acts as an “inhibitor” or a “stimulator.”

Since the temporal variations in nodal states cannot be predicted prior to
the simulation, it will be necessary to treat the components of X(t) as uncertain
quantities. In view of that, it will be convenient to represent aii(Xk) as

aii(Xk) = āii + dii(Xk) (6.83)
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where āii = 0.5(a++a−) is a fixed number, and dii(Xk) is an uncertain function
that can be bounded as

|dii(Xk)| ≤ 0.5|a+ − a−| (i = 1, . . . ,m) (6.84)

This simple decomposition allows us to describe the edge dynamics in the form
(6.71), where A is a constant matrix whose diagonal entries are equal to āii.
Matrix D(X) will be diagonal, and the corresponding nonlinearity

h(η,X) = D(X)η (6.85)

is guaranteed to satisfy bound (6.76) for all X . In this case, matrix H takes the
form H = 0.5|a+ − a−|I, where I denotes an m×m identity matrix. As shown
in Theorem 6.8, the global asymptotic stability of such a model can be easily
verified using linear matrix inequalities.

In the following, we will assume that the initial edge displacement vector
η(0+) is triggered by small fluctuations in the activity of the genes, which per-
turb the equilibrium protein concentrations. In principle, these variations could
be a result of the regulatory influence of the overall organism, cell-to-cell inter-
actions, or any number of other external stimuli. Given that we are interested
in investigating the dynamic behavior of a large number of randomly chosen
continuous Boolean networks, it will be convenient to generate the initial dis-
turbance using a simple set of rules. A straightforward way to do this would be
to assign a different function Fi to each edge, and compute the initial conditions
in the kth step of the simulation as

η
(k)
i (0+) = Fi(X̄(k−1)) (i = 1, 2, . . . ,m) (6.86)

where vector X̄(k−1) denotes the nodal equilibrium of the dynamic graph after
step k − 1 is completed. The recursive scheme described in (6.86) would be
common to all networks in the ensemble.

6.4.2 Gene Dynamics

Unlike protein concentrations (which are continuous functions of time), gene
states Xi(t) are assumed to be Boolean variables whose value changes when a
preassigned threshold is reached. In order to quantify this transition in graph-
theoretic terms, with each node we will associate a “trigger function,” νi(t),
which is defined as

νi(t) =
∑
k∈Si

αk(t− θk)|eik(t)| (6.87)

The set Si in (6.87) consists of all the incoming edges of node vi, and θk rep-
resents a preassigned delay which reflects the time it takes for a change in Xk

to affect neighboring nodes. We will further assume that coefficients αk(t) in
(6.87) can take values 1 or −1, depending on the state of the corresponding
node vk (which is the master node of edge eik(t)). In the following, we will
adopt a convention according to which master nodes which act as “stimulators”
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are assigned value α = 1. Such nodes will obviously increase the value of all
trigger functions to which they contribute, given that |eik(t)| is non-negative for
all t ≥ 0. Nodes that act as “inhibitors” will have the opposite effect, since they
are characterized by α = −1.

If we assume that αk(t− θk) = αk(0−) for all t ≤ θk, the equilibrium value
of the trigger function defined in (6.87) will be

ν̄i =
∑
k∈Si

αk(0−)|ēik| (6.88)

In order for ν̄ to be consistent with the nodal states at t = 0−, we will define
threshold values τi as follows:

τi =

{
ν̄i + 0.1|ν̄i|, if Xi(0−) = 0

ν̄i − 0.1|ν̄i|, if Xi(0−) = 1
(i = 1, 2, . . . , n) (6.89)

By introducing such a definition, we ensure that ν̄i > τi for all nodes that act as
stimulators at t = 0−, and ν̄i < τi for all nodes that initially act as inhibitors.
We also secure that the “gap” between ν̄i and τi is 10% of ν̄i, which makes
it reasonably likely that certain nodes will cross the threshold value as E(t)
evolves.

Remark 6.9. When the network dynamics are simulated repeatedly using dif-
ferent initial conditions η(k)

i (0+), the corresponding threshold values will change
in each step. The appropriate τ (k)

i (i = 1, 2, . . . , n) can be computed using (6.89),
and the equilibrium values of the trigger functions ν̄i after step k − 1.

In describing the nodal dynamics, we will also assume that the minimal per-
missible interval between two successive state changes in a gene is considerably
longer than the settling time for protein concentrations. This implies (among
other things) that any given node vi can change its state only once following a
disturbance in the protein levels. With that in mind, the temporal evolution of
nodal state Xk(t) can be formally described by introducing a pair of auxiliary
variables ωk(t) and Yk(t) which are defined as

ωk(t) = sign[νk(t) − τk] − sign[ν̄k − τk] (6.90)

and

Yk(t) = sign

⎡
⎣

t∫

0

ω2
k(σ)dσ

⎤
⎦ (6.91)

The function sign (x) is defined in the usual manner, as

sign (x) =

⎧
⎪⎪⎨
⎪⎪⎩

1, if x > 0

0, if x = 0

−1, if x < 0

(6.92)
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Table 6.2 Definition of Boolean function Ψk

Xk(0−) Yk(t) Ψk

0 0 0
1 0 1
0 1 1
1 1 0

In interpreting these expressions, it is important to recognize that ωk(t) and
Yk(t) are both equal to 0 until νk(t) crosses the threshold τk for the first time.
At that point the value of Yk changes from 0 to 1, and remains fixed until the
edge matrix of the dynamic graph returns to its equilibrium state Ē.

Using the auxiliary functions defined in (6.90) and (6.91), αk(t) and Xk(t)
can now be described as

αk(t) =

{
αk(0−), if Yk(t) = 0

−αk(0−), if Yk(t) = 1
(6.93)

and
Xk(t) = Ψk(Xk(0−), Yk(t)) (6.94)

respectively. The Boolean function Ψk in (6.94) is defined in Table 6.2, which
indicates that Xk changes its value at the point when Yk becomes equal to 1.

Remark 6.10. From a computational perspective, we should note that the
trigger function νi(t) depends on delayed values of coefficients αk (which are
calculated and stored at time td = t− θk). As a result, updating νi(t) requires
only vector η(t), which reflects the state of the edges at time t. Once ν(t) is
known, we can easily determine vectors ω(t) and Y (t), and subsequently update
α(t) and X(t) as well.

Before we provide an example that illustrates the dynamic behavior of the
proposed model, it is helpful to identify the various degrees of freedom that
such a mathematical framework provides. We begin with the observation that a
traditional NK Boolean network is typically described by specifying the initial
state of the nodes, the interconnection pattern of the graph, and the Boolean
functions Fi that define the discrete dynamics of each node. Since these choices
can give rise to many different realizations of an NK network, the simulation
usually involves a random sampling of possible configurations.

Hybrid dynamic graphs introduce three additional degrees of freedom into
this model, each of which can be associated with a different type of biochemical
process:

1. The choice of functions νi(t), which describes how protein concentrations
affect gene states.
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2. The choice of matrix A, which determines how proteins interact with other
proteins.

3. The choice of matrix D(X), which defines how gene states influence the
rate of protein production.

Such an expanded model clearly increases the “sample space” of network
configurations, and allows for the possibility that some of them might lead
to qualitatively new forms of dynamic behavior. Whether or not this is the
case can, of course, be determined only after extensive simulation (which will
be the next stage of our research). For the present, it suffices to observe that
the recursive strategy for choosing η

(k)
i (0+) introduced in (6.86) ensures the

existence of limit cycles in the network, since a repeated nodal equilibrium
X̄ automatically generates the same initial edge displacement as before. This
property allows us to monitor the average number and length of discrete limit
cycles in an ensemble of randomly chosen continuous Boolean networks.

The following example illustrates the dynamic evolution of a network con-
structed using the principles outlined above (Zečević and Šiljak, 2010b).

Example 6.11. Consider the dynamic graph shown in Fig. 6.5, whose edges
have been numbered according to the conventions introduced in Sect. 6.1.
We will assume that the functions aii(Xk) are defined as suggested in (6.83),
with a+ = −0.5 and a− = −1. In that case, aii(Xk) can be decomposed as

aii(Xk) = āii + dii(Xk) (6.95)

with āii = −0.75 and |dii(Xk)| ≤ 0.25.
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Fig. 6.5 A Boolean network with seven nodes
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Table 6.3 Nonzero elements of matrix A
a11 = −0.75 a1,11 = −0.15
a21 = 0.25 a22 = −0.75
a33 = −0.75 a34 = −0.20 a35 = −0.20
a42 = 0.15 a43 = 0.30 a44 = −0.75
a55 = −0.75 a58 = −0.40 a5,12 = −0.20
a64 = −0.20 a65 = 0.30 a66 = −0.75
a77 = −0.75 a78 = 0.25 a7,12 = −0.10
a88 = −0.75 a89 = 0.30 a8,10 = 0.15
a92 = 0.30 a93 = 0.25 a99 = −0.75
a10,10 = −0.75 a10,11 = 0.10
a11,2 = 0.20 a11,3 = 0.20 a11,11 = −0.75
a12,11 = 0.40 a12,12 = −0.75

Table 6.4 Definition of function φij

X̄
(k−1)
i (0−) X̄

(k−1)
j (0−) φij

0 0 β
(1)
ij

0 1 β
(2)
ij

1 0 β
(3)
ij

1 1 β
(4)
ij

The elements of matrix A are given in Table 6.3. The non-zero structure
of this matrix reflects the assumption that the protein concentration produced
at a certain node depends on the concentration levels of other proteins that
are “registered” at that location. This means, for example, that the rate at
which e7 changes depends on e8 and e12, since e8 and e12 are incoming edges
for node v5.

Using Theorem 6.8 and the values defined above, it is easily verified that
lim

t→∞ η(t) → 0 for all initial displacements η(k)(0+). The vectors η(k)(0+) that
were used in our experiments were obtained recursively as the compressions of
matrix Δ(k)(0+), whose elements were computed as

δ
(k)
ij (0+) = φij(X̄

(k−1)
i , X̄

(k−1)
j )ēij (6.96)

The functions φij that appear in (6.96) are defined in the manner indicated in
Table 6.4. Note that the values β(1)

ij , β(2)
ij , β(3)

ij and β
(4)
ij in this table represent

four randomly chosen numbers from the interval [−1 1] (each edge was assigned
a different set of such numbers).
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Fig. 6.6 The initial configuration of the Boolean network

The simulation results described below correspond to an edge equilibrium
vector

ē =
[

1 0.5 0.75 0.25 1 0.8 0.5 0.25 1 0.75 0.25 0.5
]T (6.97)

and an initial nodal state vector

X(0−) =
[

1 1 0 1 0 0 1
]T (6.98)

Such a configuration is schematically illustrated in Fig. 6.6, where nodes that
act as stimulators at t = 0− are indicated in black.

Using the hybrid model introduced in this section, the simulation was re-
peated recursively with X(k)(0−) = X̄(k−1) as the initial nodal state for step k.
It was found that the original nodal state shown in (6.98) reappears after four
steps, indicating that this particular network has a limit cycle of that length.
The three intermediate nodal configurations that arise in this process are shown
in Figs. 6.7–6.9.

In order to provide further insight into the dynamic behavior of this model, in
Figs. 6.10 and 6.11 we also show the evolution of trigger functions ν2(t) and ν5(t)
(these two graphs correspond to the first step of the process). It is readily verified
that ν2 and ν5 reach their threshold values at different times, which suggests
that the changes in nodal states X2 and X5 do not occur simultaneously. This
scenario is obviously quite different from the one encountered in discrete Boolean
networks, where all nodal states are updated synchronously. We should also
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Fig. 6.7 The configuration after step 1
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Fig. 6.8 The configuration after step 2

note in this context that function ν4(t) crosses the threshold at t = 0+. Such
instantaneous transitions are always possible in the proposed model, since the
initial edge disturbance produces a discontinuous change in ν(t) at time t = 0.
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Fig. 6.9 The configuration after step 3
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Fig. 6.10 The evolution of ν2(t)

6.5 Entangled Graphs

If one is primarily interested in studying the evolution of nodal states in Boolean
networks, the mathematical framework proposed in the previous section poses
an interesting dilemma. On one hand, it is clear that the inclusion of edge
dynamics leads to a richer and more complex model, with numerous additional
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Fig. 6.11 The evolution of ν5(t)

degrees of freedom. This added flexibility allows us to account for the fact that
interactions between genes are mediated by proteins, whose concentrations are
continuous functions of time. It also enables us to describe how different proteins
influence each other. On the other hand, it is important to keep in mind that the
simulation of dynamic graphs entails repeated solutions of differential equations
(typically of the nonlinear variety). This task obviously becomes progressively
more difficult and time-consuming as the number of nodes and edges increases.

In light of these considerations, it would be highly desirable to develop a
systematic procedure for generating large-scale dynamic graphs that satisfy the
following two generic requirements:

(i) The graph must be large and globally stable, with edge dynamics that are
determined by a system of nonlinear differential equations.

(ii) The dynamics should be easy to simulate, regardless of the number of
nodes and edges in the graph.

A natural way to meet these objectives would be to start with a set of smaller
dynamic graphs and integrate them into a larger network according to some pre-
determined rules. This possibility has recently been explored in the context of
multi-random Boolean networks (MRBN), which consist of individual Boolean
networks that are connected to their nearest neighbors in a two-dimensional
square lattice (Serra et al., 2008). Models of this type give rise to an addi-
tional level of complexity, and were found to be useful in the study of tissues in
multicellular organisms.

The approach that we propose in the following is different from the one used
for constructing MRBNs, and is based on the notion of graph entanglement.
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The main idea behind this method has its roots in quantum mechanics, where
the term “entanglement” refers to a mathematical operation by which individual
wave functions are combined to describe an ensemble of interacting particles (see
e.g., Isham, 1995). We will use a generalization of this approach to construct
large-scale dynamic graphs from a collection of smaller ones. In doing so, we will
focus on algorithms that resemble some form of “organic growth” (in the sense
that they include operations such as self-replication and random mutations).
It is reasonable to expect that structures obtained in this manner might be
suitable for modeling complex biological systems, whose development is based
on similar processes.

We begin our analysis with two definitions that will help us formally intro-
duce the concept of linear graph entanglement.

Definition 6.12. Let A = [aij ] and B = [bij ] be matrices of dimension n × n
and m × m, respectively. The Kronecker product of these matrices, denoted
A⊗B, is a matrix of dimension nm× nm whose elements are defined as

A⊗B =

⎡
⎢⎣
a11B · · · a1nB

...
. . .

...
an1B · · · annB

⎤
⎥⎦ (6.99)

Definition 6.13. Let A = [aij ] and B = [bij ] be matrices of dimension n × n
and m×m. The Kronecker sum of these matrices, denoted A⊕B, is defined as

A⊕B = A⊗ Im + In ⊗B (6.100)

where Im and In are identity matrices of dimensionm×m and n×n, respectively.

Using Definitions 6.12 and 6.13, we can now describe linear graph entangle-
ment in the following way.

Definition 6.14. Let {G1, G2, . . . , Gl} be a collection of dynamic graphs with
m1,m2, . . . ,ml edges, respectively. Suppose further that the edge displacements
ηi(t) of each graph evolve linearly as

η̇i = Fiηi (i = 1, 2, . . . , l) (6.101)

where matrices Fi are assumed to be constant and stable. We will say that graph
Γl represents a linear entanglement of {G1, G2, . . . , Gl}, denoted

Γl = Ψ(G1, G2, . . . , Gl) (6.102)

if the following two conditions are satisfied:

(i) Γl is a dynamic graph that consists of sl =
l∏

i=1

mi edges, whose equilib-

rium values satisfy
γ̄ = ē1 ⊗ ē2 ⊗ . . . ēl (6.103)
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Vectors ē1, . . . , ēl in (6.103) represent the edge equilibria of graphs G1, . . . , Gl,
respectively.

(ii) The vector of edge displacements in Γl, denoted g(t) = [g1(t), . . . , gsl
(t)]T ,

evolves as
ġ = {F1 ⊕ F2 ⊕ . . .⊕ Fl}g (6.104)

Definition 6.14 describes how graphs {G1, G2, . . . , Gl} “interact” when they
are assembled into a larger network. It is interesting to note that the dynamics of
a graph obtained in this manner cannot always be reduced to the behavior of its
constituent elements (we will show this explicitly in the following section). This
property suggests that linear graph entanglement allows for additional levels of
complexity in the system, and the emergence of new phenomena.

In order to further explore this possibility, we propose to generalize the
concept of graph entanglement in a way that will allow for the inclusion of
nonlinearities in the model. The following definition represents one possible
way of doing that.

Definition 6.15. Let {G1, G2, . . . , Gl} be a collection of dynamic graphs with
m1,m2, . . . ,ml edges respectively. Suppose once again that the edge displace-
ments ηi(t) of each graph evolve linearly as

η̇i = Fiηi (i = 1, 2, . . . , l) (6.105)

where matrices Fi are assumed to be constant and stable. We will say that
Γl(Φ,Ω) represents a nonlinear entanglement of {G1, G2, . . . , Gl}, denoted

Γl(Φ,Ω) = Ψ(G1, G2, . . . , Gl; Φ,Ω) (6.106)

if the following conditions are satisfied:

(i) Γl(Φ,Ω) is a dynamic graph that consists of sl =
l∏

i=1

mi edges, whose

equilibrium values are
γ̄ = ē1 ⊗ ē2 ⊗ . . .⊗ ēl (6.107)

Vectors ē1, . . . , ēl in (6.107) represent edge equilibria of graphs G1, . . . , Gl,
respectively.

(ii) The edge displacements of Γl(Φ,Ω) satisfy the pair of equations

ġ = {[F1 + Φ(p)] ⊕ F2 ⊕ . . .⊕ Fl}g
Ω(p, g) = 0

(6.108)

where p(t) ∈ Rq denotes a time-varying parameter vector. The parameter-
dependent matrix Φ(p) in (6.108) has dimension m1 × m1 and is assumed to
satisfy a bound of the form

xT ΦT (p)Φ(p)x ≤ ᾱ2xTx, ∀x ∈ Rm1 , ∀p ∈ Rq (6.109)

for some ᾱ > 0. The function Ω(p, g) specifies the relationship between vectors
p(t) and g(t), whose possible forms include (but are not limited to) systems of
differential and/or algebraic equations.
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Given the definitions introduced above, we now proceed to establish certain
important properties of entangled graphs.

6.6 Dynamic Properties of Entangled Graphs

In the following sections, we will concentrate primarily on the properties of
graphs that are formed by the process of nonlinear entanglement. One of the
most important ones has to do with solving (6.108), which can pose a major
computational challenge when the number of nodes and edges is large. The
following theorem provides a possible way to circumvent this problem.

Theorem 6.16. Let Γl(Φ,Ω) denote the nonlinear entanglement of graphs
G1, G2, . . . , Gl, whose dynamics are defined by differential equations

η̇i = Fiηi (i = 1, 2, . . . , l) (6.110)

Suppose further that {a1, a2, . . . , al} is an arbitrary collection of vectors whose
dimensions are mi × 1 (i = 1, 2, . . . , l), and that the initial value of parameter p
is p0. If the initial condition for the edge displacements of Γl(Φ,Ω) assumes the
special form

g(0) = a1 ⊗ a2 ⊗ . . .⊗ al (6.111)

then the corresponding solutions of (6.108) can be expressed as

g(t) = η1(t) ⊗ η2(t) ⊗ . . .⊗ ηl(t)

p(t) = pl(t)
(6.112)

where η1(t), η2(t), . . . , ηl(t) and pl(t) satisfy the system

η̇1 = [F1 + Φ(p)]η1

η̇2 = F2η2

...

η̇l = Flηl

Ω(p, η1(t) ⊗ . . .⊗ ηl(t)) = 0

(6.113)

with initial conditions ηi(0) = ai (i = 1, 2, . . . , l) and pl(0) = p0.

Proof. The proof relies on a well-known property of Kronecker products, accord-
ing to which

d

dt
[x⊗ y] = ẋ⊗ y + x⊗ ẏ (6.114)
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Using (6.113) and (6.114), it is easily verified that the function

ϕl(t) = η2(t) ⊗ η3(t) ⊗ . . .⊗ ηl(t) (6.115)

formed from the solutions of (6.113) satisfies (e.g., Graham, 1981)

ϕ̇l = {F2 ⊕ F3 ⊕ . . .⊕ Fl}ϕl (6.116)

Setting
g(t) = η1(t) ⊗ ϕl(t) (6.117)

and differentiating (6.117) with respect to time, we obtain

ġ(t) = η̇1(t) ⊗ ϕl(t) + η1(t) ⊗ ϕ̇l(t) =

= [F1 + Φ(pl)]η1 ⊗ ϕl(t) + η1(t) ⊗ {F2 ⊕ F3 ⊕ . . .⊕ Fl}ϕl

(6.118)

Using Definition 6.13, this expression can be further rewritten as

ġ = {[F1 + Φ(pl)] ⊕ F2 ⊕ . . .⊕ Fl}g (6.119)

Since
Ω(pl, g) = 0 (6.120)

holds by assumption, it follows that g(t) and pl(t) satisfy (6.108) with initial
conditions g(0) = a1 ⊗ . . .⊗ al and p(0) = p0. �

Theorem 6.16 indicates that the states of graph Γl(Φ,Ω) can be directly
related to the states of the graphs G1, . . . , Gl. It is important to recognize,
however, that this holds true only when the initial conditions have the special
form (6.111). When that is not the case, the dynamics associated with the
entangled graph are considerably more complex, and cannot be decomposed in a
meaningful way. Based on this observation, it is fair to say that Γl(Φ,Ω) includes
and transcends the behavior of the graphs that constitute it. It is interesting to
note in this context that a similar phenomenon occurs in quantum mechanics
as well. When quantum particles interact, certain states of the overall ensemble
cannot be reduced to (or explained by) the behavior of individual particles, and
can only be associated with the system as a whole. Such states are commonly
referred to as “entangled” states.

6.6.1 Computational Considerations

In evaluating the practical merits of Theorem 6.16, it is important to recognize
that the function ϕl(t) defined in (6.115) can be computed analytically, since Fi

(i = 1, 2, . . . , l) are constant matrices (generally of small dimensions), and the
initial conditions are known. As a result, system (6.113) effectively reduces to
the following simplified problem in η1 and p

η̇1 = [F1 + Φ(p)]η1

Ω̃(p, η1, t) = 0
(6.121)
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where

Ω̃(p, η1, t) = Ω(p, η1(t) ⊗ ϕl(t)) (6.122)

Note that (6.121) consists of (m1 + q) equations (where q is the dimension of
vector p), regardless of how large l is. This property is very important, because
it indicates that the computational effort required for the simulation does not
depend on the size of the overall graph.

When discussing the potential advantages of this approach, it is also neces-
sary to consider the possibility that system (6.121) could be unstable for certain
choices of Φ(p). In such cases, its solutions become unbounded, and cannot be
computed using standard numerical techniques. The following lemma provides
a way to address this problem.

Lemma 6.17. Suppose that matrices

F̃i = Fi + λiIi (i = 2, 3, . . . , l) (6.123)

are stable for a set of positive numbers {λi}, and consider the Kronecker sum

Wl = [F1 + Φ(p)] ⊕ F2 ⊕ . . .⊕ Fl (6.124)

where Φ(p) is a matrix whose entries are nonlinear functions of parameter vector
p. If we set

βl =
l∑

k=2

λk (6.125)

matrix Wl can be equivalently rewritten as

Wl = [F1 − βlI1 + Φ(p)] ⊕ [F2 + λ2I2] ⊕ . . .⊕ [Fl + λlIl]. (6.126)

Proof. The proof proceeds by induction. For l = 2, let us consider matrix

W2 = [F1 − λ2I1 + Φ(p)] ⊕ [F2 + λ2I2] (6.127)

By definition, (6.127) can be expressed as

W2 = [F1 − λ2I1 + Φ(p)] ⊗ I2 + I1 ⊗ [F2 + λ2I2] (6.128)

Recalling that the Kronecker product is distributive with respect to addition,
(6.128) becomes

W2 = [F1 + Φ(p)] ⊗ I2 + I1 ⊗ F2 = [F1 + Φ(p)] ⊕ F2 (6.129)

Suppose now that the lemma holds true for l = 2, 3, . . . , k − 1 and consider
the matrix

Wk = [F1 − βkI1 + Φ(p)] ⊕Rk−1 ⊕ [Fk + λkIk] (6.130)

where
Rk−1 = [F2 + λ2I2] ⊕ . . .⊕ [Fk−1 + λk−1Ik−1] (6.131)
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and

βk =
k∑

j=2

λj (6.132)

Recalling that βk = βk−1 + λk and that

(A+B) ⊕ C = A⊕ C +B ⊗ IC (6.133)

holds for any triplet of matrices A, B and C (where IC is an identity matrix
with the same dimension as C), the term

[F1 − βkI1 + Φ(p)] ⊕Rk−1 = [F1 − βk−1I1 + Φ(p) − λkI1] ⊕Rk−1 (6.134)

can be expressed as

[F1 − βk−1I1 + Φ(p)] ⊕Rk−1 − λk(I1 ⊗ Iσk−1 ) (6.135)

where σk−1 = m2 ·m3 · . . . ·mk−1 and Iσk−1 is an identity matrix of dimension
σk−1 × σk−1 (note that Rk−1 has the same dimension as Iσk−1 ).

By the inductive assumption,

[F1 − βk−1I1 + Φ(p)] ⊕Rk−1 = [F1 + Φ(p)] ⊕ F2 ⊕ . . .⊕ Fk−1 (6.136)

Setting
Hk−1 = [F1 + Φ(p)] ⊕ F2 ⊕ . . .⊕ Fk−1 (6.137)

(6.130) becomes
Wk = [Hk−1 − λkIs] ⊕ [Fk + λkIk] (6.138)

where
Is = I1 ⊗ Iσk−1 (6.139)

is an identity matrix of dimension m1σk−1 × m1σk−1. Using the distributive
property of Kronecker products, (6.138) can be further expanded as

[Hk−1−λkIs]⊗Ik +Is⊗ [Fk +λkIk] = Hk−1⊗Ik +Is⊗Fk = Hk−1⊕Fk (6.140)

It now remains to observe that

Hk−1 ⊕ Fk = [F1 + Φ(p)] ⊕ F2 ⊕ . . .⊕ Fk−1 ⊕ Fk (6.141)

which is what we set out to prove. �
Based on Lemma 6.17, system (6.113) in Theorem 6.16 can be equivalently

replaced by
η̇1 = [F̃1 + Φ(p)]η1

η̇2 = F̃2η2

...

η̇l = F̃lηl

Ω(p, η1(t) ⊗ . . .⊗ ηl(t)) = 0

(6.142)
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where

F̃1 = F1 −
(

l∑
i=2

λi

)
I1 (6.143)

and
F̃i = Fi + λiIi (i = 2, . . . , l) (6.144)

Since λi are positive numbers, it is reasonable to expect that the subsystem

η̇1 = [F̃1 + Φ(p)]η1

Ω̃(p, η1, t) = 0
(6.145)

will become stable for a sufficiently large l. It is important to add in this context
that the asymptotic behavior of η1(t) can be analyzed without any reference to
Ω̃. Indeed, recalling that Φ(p) satisfies bound (6.109) for all p ∈ Rq, the stability
properties of system

η̇1 = h(η1, p) = [F̃1 + Φ(p)]η1 (6.146)

can be established by solving the following LMI problem in γ and Y (which
represents a variant of the conditions set out in Theorem 6.8).

Problem 6.18. Minimize γ subject to

Y > 0 (6.147)
⎡
⎣
F̃1Y + Y F̃T

1 I1 Y
I1 −I1 0
Y 0 −γI1

⎤
⎦ < 0 (6.148)

and
γ − 1/ᾱ2 < 0 (6.149)

where I1 is an identity matrix of dimension m1 ×m1.

Remark 6.19. The constant ᾱ in (6.149) is the same one that appears in the
bound for Φ(p). If Problem 6.18 happens to be infeasible for this ᾱ, l should
be increased by adding one or more stable graphs Gi to the entanglement. If
necessary, this procedure can be repeated iteratively until a solution is found
for (6.147)–(6.149).

6.6.2 Stability and Related Issues

Theorem 6.16 and Lemma 6.17 suggest that the stability properties of the non-
linear entanglement Γl(Φ,Ω) = Ψ(G1, G2, . . . , Gl; Φ,Ω) can be improved by
increasing l (that is, by building Γl(Φ,Ω) out of a larger set of stable “elemen-
tary” graphs). It is important to keep in mind, however, that these results were
derived for a special class of solutions whose initial conditions have the form
(6.111). The following theorem provides general conditions for the stability of
Γl(Φ,Ω).
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Theorem 6.20. Suppose that Φ(p) is an m1 ×m1 functional matrix that sat-
isfies the bound

ηT
1 ΦT (p)Φ(p)η1 ≤ ᾱ2ηT

1 η1, ∀η1 ∈ Rm1 , ∀p ∈ Rq (6.150)

and let Wl denote the Kronecker sum

Wl = [F1 + Φ(p)] ⊕ F2 ⊕ . . .⊕ Fl (6.151)

whose elements Fi are stable matrices of dimension mi × mi (i = 1, 2, . . . , l).
Matrix Wl can then be decomposed as

Wl = F1 ⊕ F2 ⊕ . . .⊕ Fl + Φ(p) ⊗ Iσl
(6.152)

where σl = m2 ·m3 · . . . ·ml and Iσl
denotes an identity matrix of dimension

σl × σl. Furthermore, the nonlinear function

hl(x, p) = [Φ(p) ⊗ Iσl
]x (6.153)

satisfies the bound

hT
l (x, p)hl(x, p) ≤ ᾱ2xTx, ∀x ∈ Rsl , ∀p ∈ Rq (6.154)

where sl = m1 ·m2 · . . . ·ml, and ᾱ has the same value as in (6.150).

Proof. The proof proceeds by induction. For l = 2, we have

W2 = [F1 + Φ(p)] ⊕ F2 = [F1 + Φ(p)] ⊗ I2 + I1 ⊗ F2 (6.155)

Using the distributive property of Kronecker products, (6.155) can be rewrit-
ten as

W2 = F1 ⊕ F2 + Φ(p) ⊗ I2 (6.156)

The properties of Kronecker products also allow us to write

hT
2 (x, p)h2(x, p) = xT [Φ(p) ⊗ I2]T [Φ(p) ⊗ I2]x = xT [ΦT (p)Φ(p) ⊗ I2]x (6.157)

If we now permute vector x ∈ Rs2 into the form

x̃ = [yT
1 yT

2 . . . yT
m2

]T (6.158)

where
y1 = [x1 xm2+1 x2m2+1 . . . x(m1−1)m2+1]T

y2 = [x2 xm2+2 x2m2+2 . . . x(m1−1)m2+2]T

...
ym2 = [xm2 x2m2 x3m2 . . . xm1m2 ]T

(6.159)

it is easily verified that (6.157) can be equivalently expressed as
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hT
2 (x, p)h2(x, p) =

m2∑
i=1

yT
i ΦT (p)Φ(p)yi ≤ ᾱ2

m2∑
i=1

yT
i yi = ᾱ2xTx (6.160)

Suppose now that the theorem holds for l = 2, 3, . . . , k − 1, and consider
matrix

Wk = [F1 + Φ(p)] ⊕ F2 ⊕ . . .⊕ Fk = Wk−1 ⊕ Fk (6.161)

The inductive assumption allows us to partition Wk−1 as

Wk−1 = F1 ⊕ F2 ⊕ . . .⊕ Fk−1 + Φ(p) ⊗ Iσk−1 (6.162)

Substituting this into (6.161) and recalling (6.133), we obtain

Wk = F1 ⊕ F2 ⊕ . . .⊕ Fk + [Φ(p) ⊗ Iσk−1 ] ⊗ Ik (6.163)

Observing further that
Iσk−1 ⊗ Ik = Iσk

(6.164)

(6.163) becomes

Wk = F1 ⊕ F2 ⊕ . . .⊕ Fk + [Φ(p) ⊗ Iσk
] (6.165)

which obviously conforms to (6.152).
Regarding the nonlinear term hk(x, p), it will be useful to introduce matrix

Vk−1(p) = Φ(p) ⊗ Iσk−1 (6.166)

which allows us to express this function as

hk(x, p) = [Φ(p) ⊗ Iσk
]x = [Vk−1(p) ⊗ Ik]x (6.167)

Using a permutation of the kind described in (6.159), it is now easily verified
that

hT
k (x, p)hk(x, p) = xT [V T

k−1(p)Vk−1(p) ⊗ Ik]x =
mk∑
i=1

yT
i V

T
k−1(p)Vk−1(p)yi

(6.168)
where yi (i = 1, . . . ,mk) are vectors of dimension sk−1 = m1 ·m2 · . . . ·mk−1.
Since

yT
i V

T
k−1(p)Vk−1(p)yi = hT

k−1(yi, p)hk−1(yi, p) ≤ ᾱ2yT
i yi (6.169)

by the inductive assumption, it follows that

hT
k (x, p)hk(x, p) ≤ ᾱ2xTx (6.170)

for all x ∈ Rsk and p ∈ Rq. �
Theorem 6.20 allows us to describe the dynamics of entangled graphs in the

form
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ẋ = Alx+ hl(x, p)

Ω(p, x) = 0
(6.171)

where
Al = F1 ⊕ F2 ⊕ . . .⊕ Fl (6.172)

and the nonlinear term hl(x, p) can be bounded in the manner described in
(6.154). The following theorem provides further insight into the stability prop-
erties of such a model (e.g., Graham, 1981).

Theorem 6.21. Let
A = F1 ⊕ F2 (6.173)

where F1 and F2 are matrices with eigenvalues πi(F1) (i = 1, . . . ,m1) and μj(F2)
(j = 1, . . . ,m2), respectively. The eigenvalues of A then have the form

λij(A) = πi(F1) + μj(F2), (i = 1, . . . ,m1; j = 1, . . . ,m2) (6.174)

Furthermore, if xi and yj represent eigenvectors that correspond to πi(F1) and
μj(F2), then xi ⊗ yj represents the eigenvector associated with λij(A).

Theorems 6.20 and 6.21 clearly indicate that an “expanded” dynamic graph

Γl+s(Φ,Ω) = Ψ(G1, . . . , Gl, Gl+1, . . . , Gl+s; Φ,Ω) (6.175)

will have better stability properties than

Γl(Φ,Ω) = Ψ(G1, . . . , Gl; Φ,Ω) (6.176)

since adding stable graphs Gl+1, . . . , Gl+s shifts the eigenvalues of matrix Al to
the left. Theorem 6.20 also allows us to evaluate whether the graph Γl(Φ,Ω) will
be stable for a given l. The procedure for doing so amounts to solving a variant
of Problem 6.18 in which F̃1 is replaced by the matrix Al defined in (6.172),
and Y and Isl

have dimension sl × sl (where sl = m1 ·m2 · . . . ·ml).
Since sl is typically a large number, it is essential to apply techniques that

can keep the number of LMI variables at a minimum (such as those described
in Sect. 3.3). Along these lines, we should point out that Theorem 6.21 provides
an additional advantage when it comes to computing a low-rank approximate
solution of Lyapunov equation

AlY + Y AT
l = −Isl

(6.177)

As noted in Sect. 3.3, such a solution can replace the matrix Y0 in (6.23) (which
is important when the system is large). The fact that the eigenvectors of Al

are known explicitly and can be expressed in terms of Kronecker products can
significantly accelerate the solution of (6.177), particularly when Krylov space
methods are used (Jaimoukha and Kasenally, 1994).
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6.7 Structural Models for Entangled Graphs

When it comes to specifying the topology of entangled graphs, Definition 6.15
turns out to be somewhat imprecise. Indeed, it is not difficult to verify that the
conditions set out in this definition can be satisfied by a number of different
adjacency matrices E (all of which have the same compression). It is important
to recognize, however, that this apparent ambiguity is actually advantageous,
since it allows us to explore an entire range of structures with identical dynamic
characteristics.

In the following, we will describe two distinct structures that conform to
Definition 6.15, both of which are obtained by procedures that resemble some
form of “organic growth.” From a theoretical perspective, our interest in “organ-
ically” formed graphs is motivated by certain special mathematical properties
that they possess. We should add, however, that there is also a very practical
element to our investigations, since such structures could prove to be interesting
in the study of biological systems. To see this more clearly, it suffices to recall
that multi-random Boolean networks are typically formed by connecting indi-
vidual networks according to a preassigned geometric pattern (in Serra et al.,
2008, for example, the chosen topology was the surface of a two dimensional
torus). The method proposed in this section is considerably more general, since
it combines orderly growth with the possibility of random mutations. Such a pro-
cess is designed to emulate the development of living organisms, which implies
(among other things) that the resulting structures cannot be known in advance.

6.7.1 Cloning and Embedding

The first procedure that we will examine assumes that we are given a set of
dynamic graphs {G1, . . . , Gl}, and that in the kth stage of development a “clone”
of the existing graph, Γk(Φ,Ω) = Ψ(G1, . . . , Gk; Φ,Ω), is “embedded” into each
edge of graph Gk+1. The way in which this is done is illustrated by the following
example, which corresponds to the case when l = 2 (this is the simplest possible
scenario).

Example 6.22. Consider the pair of graphs shown in Fig. 6.12, whose equi-
librium edge values are assumed to be ē = [ē1 ē2 ē3]T and ḡ = [ḡ1 ḡ2 ḡ3 ḡ4]T ,
respectively. The construction of the new graph Γ2(Φ,Ω) can be described by
the following sequence of steps.

STEP 1. Designate a pair of nodes (say v1 and v3) as the input and output
nodes of G1, respectively. Then, embed the ith “clone” of G1 (denoted G

(i)
1 )

into the ith edge of G2, as shown in Fig. 6.13.

STEP 2. Merge the input and output nodes of graphs G(i)
1 (i = 1, 2, 3, 4)

with those of G2 in the manner indicated in Fig. 6.14.

STEP 3. Label the edges of the resulting graph so that their equilibrium
values satisfy q̄ = ḡ ⊗ ē (such a numbering is shown in Fig. 6.15).
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Graph G1 Graph G2

v1 v3

g4

g1

g2

g3 y3y4

y1 y2v2

e3 e2

e1

Fig. 6.12 The two graphs used to construct Γ2(Φ,Ω)

gi gi ykyj

v2
(i)

v3
(i)v1

(i)

e3
(i) e2

(i)

e1
(i)

Fig. 6.13 Embedding the i-th “clone” of G1 into edge gi

ykyj

v2
(i)

Fig. 6.14 Merging of input and output nodes

Remark 6.23. If the graphs in set {G1, . . . , Gl} are assumed to have ni nodes
and mi edges (i = 1, 2, . . . , l), respectively, the entangled graph Γl(Φ,Ω) formed
by the procedure outlined in Example 6.22 will necessarily have sl = m1 ·m2 ·. . .·
ml edges. This implies that the operations of cloning and embedding preserve
all the edges of the constituent graphs. Note, however, that some of the nodes
are not preserved, as a result of the merging that occurs in Step 2.
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q9q8

y4

y1

y3

q5

q4

q1

q10

q11

q3 q2

y2

q6

q12

q7

v2
(3)

v2
(4) v2

(2)

v2
(1)

Fig. 6.15 The final entangled graph Γ2(Φ,Ω)

6.7.2 Self-Replication and Random Mutations

The second procedure that we will consider combines self-replication and ran-
dom mutations to form a large-scale graph that conforms to Definition 6.15.
Unlike the method illustrated in Example 6.22, in this case the topological
features of the entangled graph Γl(Φ,Ω) are quite different from those of its
constituents. The various stages of the construction process are described in the
following example (Zečević and Šiljak, 2010c).

Example 6.24. Consider the graphs G1, G2 and G3 shown in Fig. 6.16, whose
edge equilibria are ē = [ē1 ē2 ē3]T , w̄ = [w̄1 w̄2]T and ū = [ū1 ū2]T , respec-
tively. The construction of the entangled graph Γ3(Φ,Ω) can be described by
the following sequence of steps.

STEP 1. Create m2 identical copies of graph G1, where m2 represents the
number of edges in G2. The edge numbering in the copies (denoted G(i)

1 ) should
be such that the edges of G(k)

1 satisfy ḡ(k) = ē⊗ w̄k. The graph obtained in this
manner is shown in Fig. 6.17.

STEP 2. The edges of the disconnected graph obtained in Step 1 are al-
lowed to randomly change their destination nodes, while retaining their num-
bering. The only restriction to this “mutation” is that the resulting graph,
Γ2(Φ,Ω), must be connected. One such possibility is shown in Fig. 6.18, where
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Graph G1 Graph G2 Graph G3

e3

v1 v3

v2

e1 e2 w1 w2

a1

u1

b2

b1

u2

a2

Fig. 6.16 The three graphs used to construct Γ3(Φ,Ω)

Graph G1
(1) Graph G1
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g3 g6 g2 g4g1g5

v1
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v3
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v2
(1) v2

(2)

v3
(2)v1
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Fig. 6.17 The graph after self-replication

g1

g3

g5

g6
g4
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v2
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v3
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Fig. 6.18 The graph after a random mutation
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Fig. 6.19 The graph after a second self-replication
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Fig. 6.20 The graph after a second mutation

the “mutation” involves edges g2 and g5. Note that this transformation leaves
the equilibrium values unchanged (in other words, after “mutation” the edges
of Γ2(Φ,Ω) still satisfy ḡ = ē⊗ w̄).

Since there are three graphs in this example, the procedure described above
needs to be repeated with Γ2(Φ,Ω) and G3. The situation after the first step is
shown in Fig. 6.19, and the final graph Γ3(Φ,Ω) obtained by “mutation” (which
involves edges z3, z4 and z11) is given in Fig. 6.20. It is readily verified that the
edges of Γ3(Φ,Ω) have equilibrium values z̄ = ḡ⊗ ū = ē⊗ w̄⊗ ū, as required by
Definition 6.15.
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Remark 6.25. Unlike the “embedding” procedure described in Example 6.22,
in this case graph Γ3(Φ,Ω) preserves all the nodes and edges of its constituents.
This property will prove to be particularly useful in applications to large-scale
Boolean networks.

6.8 Applications to Large-Scale Boolean
Networks

In Sect. 6.6 we established that the stability properties of graphs obtained by
nonlinear entanglement improve when the set of “constituent” graphs {G1,
G2, . . . , Gl} is expanded. We also showed that the dynamic behavior of such
graphs can be easily simulated even in cases when the number of nodes and
edges in Γl(Φ,Ω) is very large. With that in mind, we now proceed to examine
how the construction process based on self-replication and mutation can be used
to build large-scale continuous Boolean networks.

We begin with the observation that the process of self-replication ensures
that each node v(1)

i in the initial graph G1 has s−1 “descendants” in Γl(Φ,Ω),
which are labeled v(j)

i (j = 2, 3, . . . , s). The overall set of nodes that are related
in this way will be denoted

Ni = {v(1)
i , v

(2)
i , . . . , v

(s)
i } (6.178)

where v(1)
i represents the common “ancestor node.” Along similar lines, each

edge in Γl(Φ,Ω) can be traced back to an “ancestor edge” in G1. This corre-
spondence takes the form shown in Table 6.5, in which σl denotes the product
σl = m2 ·m3 · . . . ·ml.

Following the model described in Sect. 6.4, with each node v(j)
i in Γl(Φ,Ω)

we will associate a Boolean state variable X(j)
i such that X(j)

i = 1 when the
node acts as a “stimulator,” and X

(j)
i = 0 when it acts as an “inhibitor.” We

will further assume that the state of node v(j)
i affects the dynamic behavior of

its outgoing edges, which constitute a set that is denoted by M
(j)
i . As before,

we will refer to this relationship by saying that v(j)
i is the master node for all

edges in set M (j)
i .

Table 6.5 Correspondence between edges of Γl(Φ,Ω) and their ancestors

Edges in Γl(Φ,Ω) Common ancestor in G1

g1, g2, . . . , gσl
e1

gσl+1, gσl+2, . . . , g2σl
e2

...
...

g(m1−1)σl+1, . . . , gm1σl
em1
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The model that we are proposing assumes that node v(j)
i changes its state

(or “fires,” for short) when its “trigger function” crosses a given threshold value
τ

(j)
i either from above or from below. This trigger function has the form

ν
(j)
i (g(t)) =

∑

k∈S
(j)
i

αk(t− θk)|γ̄k + gk(t)| (6.179)

where S(j)
i denotes the indices of incoming edges associated with v

(j)
i , and γ̄k

represents the corresponding equilibrium values. The coefficients αk(t) in (6.179)
are defined as

αk(t) =

{
1, if the master node of edge gk acts as a “stimulator”

−1, if the master node of edge gk acts as an “inhibitor”
(6.180)

and θk represents a preassigned delay which reflects the time it takes for a
change in the master node of gk to affect its neighbors.

In order to relate this model to the general description of nonlinear entangle-
ment given in Definition 6.15, it is necessary to specify how the functions Φ(p)
and Ω(p, g) in (6.108) are to be constructed. We begin our analysis by assuming
that component pi(t) of parameter vector p(t) represents the percentage of nodes
in class Ni that have “fired” up to time t. In order to establish a correlation
between vectors p(t) and g(t), with each node v(j)

i ∈ Ni we will associate a pair
of auxiliary functions ω(j)

i (t) and Y (j)
i (t), which are defined as

ω
(j)
i (t) = sign[ν(j)

i (g(t)) − τ
(j)
i ] − sign[ν̄(j)

i − τ
(j)
i ] (6.181)

and

Y
(j)
i (t) = sign

⎡
⎣

t∫

0

[
ω

(j)
k (σ)

]2
dσ

⎤
⎦ (6.182)

respectively. The function ν̄
(j)
i in (6.181) represents the equilibrium value of

ν
(j)
i (t), which can be computed as

ν̄
(j)
i =

∑

k∈S
(j)
i

αk(0−)|γ̄k| (6.183)

It is important to recognize that a function Y (j)
i (t) constructed in this man-

ner equals 0 until ν(j)
i (g(t)) crosses the threshold τ (j)

i for the first time. At that
point the value of Y (j)

i changes from 0 to 1, and remains fixed until the edge
matrix of the dynamic graph returns to its equilibrium state Ē. This property
ensures that

μi(t) =
s∑

j=1

Y
(j)
i (t) (6.184)
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represents the total number of nodes in class Ni which have “fired” up to time t.
Observing that each set Ni has s elements, it is easily verified that pi(t) can be
expressed as

pi(t) =
1
s

s∑
j=1

Y
(j)
i (t) (6.185)

Since functions Y (j)
i (t) depend on g(t) (by virtue of (6.181) and (6.182)), (6.185)

obviously represents a variant of

Ω(p, g) = 0 (6.186)

as required by Definition 6.15.

Remark 6.26. Although the analytical form of Ω(p, g) described in (6.181),
(6.182) and (6.185) appears to be rather complicated, the program for computing
the parameter vector p(t) is actually quite straightforward. Indeed, given the
definition of pi(t), all that is required is a routine for monitoring the number of
nodes that have “fired” in each class Ni.

Regarding the structure of matrix Φ(p), we should first recall that the edges
of graph G1 can be grouped into disjoint classes M (1)

i (i = 1, 2, . . . , n1), where
M

(1)
i represents the set of all outgoing edges associated with node v(1)

i . Given
such a grouping, we will assume that Φ(p) is a diagonal matrix, whose kth entry
is associated with the dynamics of edge ek in G1. In the following, this entry will
be denoted by φ(i)

kk(p), where the superscript index i indicates the class M (1)
i to

which ek belongs. To all edges in class M (1)
i we will assign the same value

φ
(i)
kk(p) = di + ρi pi(t)Δi (6.187)

where Δi = [dmin
i dmax

i ] is a given interval,

di =

⎧
⎨
⎩

dmax
i , if X(1)

i (0−) = 0

dmin
i , if X(1)

i (0−) = 1
(6.188)

and

ρi =

⎧
⎨
⎩

−1, if X(1)
i (0−) = 0

1, if X(1)
i (0−) = 1

(6.189)

It is readily observed that functions φ(i)
kk(p) defined in this manner satisfy

dmin
i ≤ φ

(i)
kk(p) ≤ dmax

i (6.190)

for all possible pi(t), and that the limits of interval Δi are reached if no nodes
in class Ni have fired (i.e. pi = 0) or when all of them have fired (i.e. pi = 1).

To get a better sense for the implications of such a model, let Σi denote the
set of all edges in Γl(Φ,Ω) whose ancestors belong to class M (1)

i (such a set
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is easily constructed using Table 6.5). Recalling the model described in (6.171)
and observing that

hl(g, p) =

⎡
⎢⎣
φ11(p) · Iσl

· · · 0
...

. . .
...

0 · · · φm1m1(p) · Iσl

⎤
⎥⎦ · g(t) (6.191)

by virtue of Definition 6.12, it is easily verified that the same value φ(i)
kk(p) corre-

sponds to all edges in Σi. This “collective” response of edges with the same an-
cestry is unique to the proposed construction procedure. It is interesting to note
in this context that although individual nodes of Γl(Φ,Ω) “fire” independently,
it is their collective behavior that ultimately affects the edge dynamics. This is
apparent from (6.187), which indicates that φ(i)

kk(p) depends on the “statistical”
distribution of firings among the descendents of node v(1)

i .

Remark 6.27. The concept of “collective” dynamics appears to be an appro-
priate way to account for the behavior of a large number of identical or similar
cells. In (Serra et al., 2001), for example, it was proposed that the “activation”
of a certain gene should be averaged over an entire cell population, although
each individual gene is either active or inactive.

According to Theorem 6.16, the solution of system (6.108) will be greatly
simplified if the initial conditions assume the form (6.111). With that in mind,
in the kth step of the simulation we propose to choose g(k)(0+) as

g(k)(0+) = a
(k)
1 ⊗ a

(k)
2 ⊗ . . .⊗ a

(k)
l (6.192)

where
a
(k)
i = ϕi(X̄(k−1)) (i = 1, 2, . . . , l) (6.193)

and X̄(k−1) denotes the nodal equilibrium after step k − 1 of the simulation is
completed (it is assumed that ϕi are given nonlinear functions). Such a choice
allows us to introduce an additional level of dynamic behavior into the Boolean
network, while keeping the computational complexity at a minimum. It also
ensures the existence of limit cycles in the network, since a repeated nodal
equilibrium X̄ automatically generates the same initial edge displacement g(0+)
as before.
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Šiljak, D. D. (1989). Parameter space methods for robust control: A guided tour.
IEEE Transactions on Automatic Control, 34, 674–688.
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